4C Vector Calculus
State the value of dz;/0x; and find Or/0x;, where r = |x]|.
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Vector fields u and v in R? are given by u = r®x and v = k x u, where « is a
constant and k is a constant vector. Calculate the second-rank tensor d;; = Ou;/0x;, and
deduce that V.xu=0and V -v =0.
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(V X u)i = 62’jk% = €k (Oz:L'jl'kT’ +r jk) =0
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as € 18 antisymmetric in j and k while the term in brackets is
2] symmetric.

V-v= a—xj (ejklkzkul) = €jkzlkk (Ocra—Qxlxj + T'Oé(sjl) =0

as €jp s antisymmetric in j and | while the term in brackets is
2] symmetric.

When a = —3, show that V-u =0 and

3(k - x)x — kr?

V Xxv= 5
r

V-u:ara+ra5ii:—37'_3+37“_3:O ifa=-3

(V X V)i :Eijkﬁj (lemklum)

= (5i15jm - 6im5ﬂ) kil (—37‘_5.’Em3§j + T_36mj)
=— 3kﬂ'757‘2 + 37’75ij1‘$]‘ + 37’73]%' - kj?"igfsz‘j
=(3r (k- -x)x — kr_g)z.
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9C Vector Calculus

Write down the most general isotropic tensors of rank 2 and 3. Use the tensor
transformation law to show that they are, indeed, isotropic.

[2] )‘51] and HEijk -
Check that Rliij(Sij = RliRmi = (RTR)lm = 5mn
[4] and RliijRnkeijk = €mn det R = €mn

Let V be the sphere 0 < r < a. Explain briefly why

Ty in = / Tiy .- T, AV
v

is an isotropic tensor for any n.

A rotation of the basis is equivalent to a backward rotation of the sphere.
2] Spheres have no preferred direction, so the integral will still be T'.

Hence show that
/ TiTj dV = aéij, / TiTjTf dV =0 and / TiTjTpI] dV = ﬁ(éijékl + 5ik5jl + 5il(5jk)
14 14 \%

for some scalars « and (3, which should be determined using suitable contractions of the
indices or otherwise.

[You may assume that the most general isotropic tensor of rank 4 is
A0;ijOks + 0051 + V005

where \, p and v are scalars.]

These are all isotropic and symmetric in the indicies. So fV rix; dV
must be ad;5. Contract i = j: 3o = [, zjz; dV = [}, r*sin 0 drdfd¢ =
3] 41a® /5 so o = 4ma’ /15

By isotropy, fV vixjrpdV = peij. But the RHS is antisymmetric, so
1] p=0 and [, z;zjrdV = 0.

By isotropy and hint, the integral must be Nd;;0p + (0105 + V0;0k-
Check symmetry i <> j swaps p <> v so must have p = v and similarly

2] uw=A. So fV xixjxpxydV = B(8:50k + 6indji + 6510;) for some .
Contract i = j and k = l: zzizpe, = r
49 . 4ra”
r*r<sin drdfd¢ = and B((Szz(skk + 0;10ik + 51k51k) = ,8(9 + 3+ 3)
14
[4] s0 B = 4ma” /105.

Deduce the value of

/xx(ﬂxx)dV,
1%
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where 2 is a constant vector.

4rad
/ €ijkTj€tmSUTmdV =(0i18jm — imji) U <5jm>
v

4dmad® B 0,;8ma’®
15 )

=(30i — 0i)Y <

so [, x x (2 x x)dV = 8ra’Q/15

11C Vector Calculus
The electric field E(x) due to a static charge distribution with density p(x) satisfies

E=-V¢, V-E=2, (1)
€0

where ¢(x) is the corresponding electrostatic potential and £¢ is a constant.

(a) Show that the total charge @ contained within a closed surface S is given by
Gauss’ law

QZE()/E'dS.
S

Assuming spherical symmetry, deduce the electric field and potential due to a point charge
g at the origin i.e. for p(x) = ¢ d(x).

Q :/ pdV = 60/ V- -EdV = eo/ n-EdS by divergence theorem.
1% 1% s

p(x) = ¢d(x) and E = E(r)n. Hence by Gauss’ law q = 4mr2egE(r).
So E(r) = q/4meqr? and ¢ = q/4dmeqr.

(b) Let Eq and Eq, with potentials ¢; and ¢9 respectively, be the solutions to (1)
arising from two different charge distributions with densities p; and ps. Show that

1 1
Z_:0/Vcblﬂzvar/8V¢1V9252-dS:60/V<;52p1dV+/avqbzwn-dS (2)

for any region V' with boundary 9V, where dS points out of V.

V  (¢2V1 — 1V a) = Vo - Vi + 2V — V1 - Vo — 41 V2
= $aV201 — ¢1V2¢o and (1) gives V3¢ = —p/eo. Hence

/(¢2V¢1 — 91 V) -ndS = / —<Z>2& + ¢1@dV = answer
S \% €0 €0

(c) Suppose that p1(x) = 0 for |x| < a and that ¢1(x) = P, a constant, on |x| = a.
Use the results of (a) and (b) to show that

R / LX) gy
dme Jpsa T




[20]

[You may assume that ¢1 — 0 as |x| — oo sufficiently rapidly that any integrals over the
‘sphere at infinity’ in (2) are zero.]

Take V.= {r > a} and ps = qd(x), so that ¢po = q/4dmweor. Now part
(b) gives

1 1
/ ¢1p2dv+/ o —L _)as== d pldV—i-/ 9 w4, ndsS
eo Jv r—a \4mepa? eo Jy 4meor r—q dTe0a

But pp =0 inV, and [ _ V¢ -ndS = Q1/eo =0 by part (a) so

® 1
e 1 5 / -pdV = answer
eo  dmel Jyr




