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SECTION A

Let a=(1,0,0)", b=(0,1,0)" and ¢ = (0,1,1)7.

(a) Find the volume of the parallelepiped formed by these vectors.

(b) Find all the values of real parameters «, /3 and 7 given that

ca+fb+yc=0.

A point has Cartesian coordinates (z,y,2) = (1,1, —1). For this point, find

(a) the value of r in cylindrical polar coordinates, (7,0, 2);

(b) the value of # in spherical polar coordinates, (r,8, ¢), where angle 6 is measured from
the positive z-axis.

For the function f(z) = In(x) defined on the interval a < x < bwitha =1 and b = 2,

(a) find the value of £, such that

—a

(b) Sketch the graph of f(z) and add a chord and a tangent to illustrate Eq. (f).

4
(a) Let
I@) = [ flwdu,
where f(u) is a real-valued continuous function and « is a real constant. Find %.
(b) Find

T

d | . /
— |sinz [ sinydy
dx

0
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An approximate solution x; of the equation f(x) = 0 obtained in the first iteration
of the Newton-Raphson method is given by the following formula,

F'(x0)\”
f(l“o)) ’

where xg is the initial guess for the solution. Give the expressions for « and S in this
formula.

mlzxg—i—oz(

For two mutually exclusive events, A and B, state the formulae for the probabilities
of the following events:

(a) P(AN B)
(b) P(AUB)

Find the function f(z,y) such that
df = ye™dx + xe™dy

and f(0,0) = 0.

Find the values of

(a) exp[Ve - (V x (V9))],
(b) [V (V xF)]%,

where ¢ and F are arbitrary twice-differentiable scalar and vector fields, respectively.

Find the matrix elements as; and age in the following expression:

1 4
.’132 + Sxy —|— 4y2 = (.’13 y) (a21 CLQQ) (5) '
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Without resorting to integration, write down the Fourier series for
sinx cosx + cos(mw/2 — x),

where —m <z < 7.
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SECTION B
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(a) Let @ be a fixed three-dimensional unit vector. Consider the operators Py and Rg
which can act on any three-dimensional vector as defined below

Pa(r) = a(r - ),

Ra(r) =a x (r x ).

Give a geometric interpretation of Pg(r).
Rewrite Rg(r) such that it is expressed using the scalar product, and give a geometric
interpretation of Rg(r).

(b) Simplify Pg(r) + Ra(r).

(c) A straight line passes through points with distinct position vectors y and z. Show
that the position vector r for points on the line obeys the following equation,

r=p+1tq

where ¢ is an arbitrary real parameter. Find expressions for a constant vector p and
a constant unit vector q in terms of y and z.

(d) (i) Rewrite the equation of the line in part (c) in the form

~

rxa=c
for constant unit vector & and constant vector c, relating them to the vectors p
and q.
(ii) What geometric property of the line is represented by a?

(iii) What geometric property of the line is represented by ¢ = |c|?

(iv) Given ¢ # 0, complete the following statement “Vector c is perpendicular to the
plane containing ...”

(e) Find the general solution of the vector equation r x § = f and present your answer
for r in terms of the constant unit vector g and constant vector f.

[Hint: What is Rg(r)?]
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Consider the function

h(z,y) = 8 + b — 242242

Compute the gradient Vh.

Find all points in the x-y plane where Vh is parallel to the z-axis or the y-axis and
plot these points in the z-y plane.

By using the results of (b), or otherwise, find the five stationary points of h(z,y).
Determine the nature of all the stationary points away from the origin.

Analyse the nature of the stationary point at the origin by plotting h(x,y) along
the lines x = 0, y = 0, y = z and y = —z and thus determine if this point is a
minimum, or a maximum, or neither.

Make a sketch showing the direction of the gradient vector Vh near all stationary
points.
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(a) Two three-dimensional vector fields G and K are given by

r
G:(a‘r)r, K:m,

where r = (x,y,2)" is the position vector, r = |r|, and a is a fixed non-zero vector.

For each of these vector fields, determine whether it can be written as the gradient of
a scalar function and, if it can, find all such functions. 8]

(b) A three-dimensional vector field M is given by

vz + 22
M= pyz+y* |,
Ax? + o2
where p and X\ are real parameters.
Compute the line integral [ M - dr from the point (0,0,0) to the point (1,1,1) using
two different paths:
(i) A straight line from the point (0,0,0) to the point (1,1,1). 3]

(ii) From the point (0,0,0) to the point (1,1,0) along the shortest arc of the unit
circle in the (z,y)-plane centered on (1,0,0), and then along the straight line
from the point (1,1,0) to the point (1,1,1). 6]

Determine the values of u and A for which the vector field M is conservative and check
that they agree with the results of parts (i) and (ii). 3]
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A training run is timed using a digital watch which may be assumed to keep accurate
time but the display is truncated to show only hours and minutes, for example 09h00mb55.9s
would display as 09:00. Throughout the question use one minute as the unit for time.

At the start of the run the watch does indeed read 09:00.

(a) Let the continuous random variable S be the difference between the actual start time
and 09h00mO00s. Let the uniform probability density function of S be p(s).
(i) Express p(s) algebraically.
(ii) Sketch p(s).
(iii) Calculate the mean and variance for the distribution.
(b) At the end of the run the display reads 09:25. Consider the elapsed time for the run

as a continuous random variable and let T" be the difference between the elapsed time
and 25 minutes.

(i) Show that the probability density function for 7" is ¢(t) where,

0 for t< —1,

1+t for —1<t<0,
q(t) =

1—t for 0<t<1,

0 for t>1

(ii) Sketch ¢(t) and show that it is normalised.
(iii) Calculate the mean and standard deviation for 7.

(iv) What is the probability that the run took more than 25m30s?
(c¢) For the sum of independent random variables statistical theory predicts: the mean is

the sum of the means; the variance is the sum of the variances. Discuss whether your
results are consistent with these predictions.
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(a) Consider the second order differential equation,

d’y | dy
@zt gy T =0

where $ and ~ are real constants.

(i) When 8 = 4, find 7 such that the general solution is y(z) = Are™2® + Be 2*

where A and B are arbitrary constants. 3]
(ii) Find all the solutions for y(x) when 5 =6 and v = 5. [4]
(iii) Find all the solutions for y(x) when 8 = 3 and y = 4. [5]
(b) Consider the second order differential equation:
Ly W gy 105
A2 Tdz YT '
Find the particular solution subject to boundary conditions
y(0) =1
and )
T 25T
— ) = 20 22. 8
v(3) =7 +20m+ 8
16W
(a) Find V2¢ for ¢(z,y, z) = e V=, [4]
(b) The vertices of the tetrahedron OABC have the following coordinates, O(0,0,0),
A(1,0,0), B(0,1,0), and C(0,0,1). Find the outward flux of the vector field,
rT+y+z
F=| (z+y+2)?],
l—z—-—y—=z
through
(i) the face OBA and thus demonstrate that it is equal to —3; [4]
(ii) each of the other three faces of the tetrahedron; [11]
(iii) the closed surface of the tetrahedron. [1]
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Consider the following set of simultaneous equations, in which o and 8 are real
constants,

x4+ 2ay+ Bz =1,
rT—y+3z=-1,
—3x + 3y — 3az = 3.

(a) Express this set of linear equations in matrix form Ax = b.

(b) Calculate det (A) as a function of @ and 5. For which values of @ and 5 does this
determinant equal zero?

(¢) Solve this set of simultaneous equations for
(i) oz;é3anda7é—%,
(i) =3,
(ili) « = —-1.
(d) Give a geometric interpretation for all cases considered in part (c) by specifying
the relative positions of the planes (such as being parallel, coinciding, intersecting)

described by each of the three simultaneous equations. Your answer should distinguish
between different values of 5.
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a) Consider the following set of functions:
(a) g
{1, cos(mz/L), sin(rz/L), cos(2rx/L), sin(2rx/L), cos(3mz/L), sin(3rx/L), ...}

Explain what it means to say that they are orthogonal on the interval —L < z < L,
where L is a positive constant.

[For the rest of this question you may assume that these functions are orthogonal
on this interval.]

(b) A real function f(z) is periodic with period 2L and has Fourier series
> nrx
—20+;[ancos( >+b sm(L)] )

(i) Show that b, = + f f(x)sin(nmz/L)dz.
(ii) Write down a corresponding expression for a,.

(iii) Prove Parseval’s identity

e 2 ag
L/_Lf(m) dac—z+

(c) A function f(x) is periodic with period 2 and f(z) = z(1 — |z|) for -1 <z < 1.

o0
(az +b7)

n=1

| =

(i) Determine the Fourier series of f(x).

(ii) Hence show that

[e.9]

1
g — = Axn®
6 Y
= (2n+1)

where A is a fraction that you should determine.
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(a) Consider a cylinder of height h and base radius r. The cylinder is inscribed within
a sphere of fixed radius R such that the perimeters of its two end-discs lie on
the surface of the sphere. Using the method of Lagrange multipliers, determine the
values of r and h that maximise the volume of the cylinder. Calculate the maximum
volume of the cylinder as a fraction of the volume of the sphere.

(b) Consider an ellipse defined by

2
Y
4% + = =1.
T+ 16
(i) Using the method of Lagrange multipliers, find all points (z,y) lying on the
ellipse that extremise the function f (x,y) = zy and determine the value of f

at each of these points.

(ii) Give a geometric interpretation of the maximum value of f found in part (i).
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Consider the one-dimensional wave-equation
Py 1% _
ox2 vz otz

for 0 < z < 7 and t > 0 where v is a real constant, and boundary conditions for ¢ > 0 are
given by

oY

O (Ov t) =0,
0 _
o (m,t) =0.

(a) Explain the principle of superposition for solutions to the wave equation.

(b) We now impose the following initial conditions for 0 < z < 7

P(x,0) = cos? g

oY

By using the method of separation of variables, find the solution of the wave equation
Y(x,t), obeying the initial and boundary conditions specified above.

(¢) Now consider the wave equation but with the spatial domain extended to the entire
real line, for £ > 0 and subject to

W(x,0) = cos® g
oY
—(z,0) =0
ar (&0 =0,
where —o0o < ¢ < 00

(i) By looking for a solution of the form

Y(x,t) = f(x — vt) + gz + vt),

where f and g are some functions,find ¢(z,t), and compare it with the solution
obtained in part (b).

(ii) Sketch graphs of ¢ (x,t) found in part (i) versus x for ¢ = 0 and for several other
moments of time (which you should specify) so that your graphs illustrate the
time evolution of ¥ (x,t).

END OF PAPER
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