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SECTION A
1
For z € C, express
Fo z+1
2241

as the sum of two partial fractions where the denominator of each is a linear function of
z.

2

Determine the general term in the power series in x expanded around xz = 0 for:

(a) exp(a?);

(b) /0 ' exp(y°) dy .

3

Find the general solution of

dy =y
2 147 =3,
a T

4

Consider the integral I,, = [(Inz)™ dz for > 0 and integer n > 0.

(a) Express I,4+1 in terms of I,,.

(b) Evaluate I.

5
Consider the function f(z,y) = 2?> —x +xy — 3y —y> — 1.

(a) Find the stationary point of f(z,y).

(b) Classify the stationary point.
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(a) Express P(AU B UC) in terms of the probabilities of the individual events A, B,
C' and the intersections between these events. [1]

(b) If D Cc (AU BUC), determine P((AU BUC)|D). [1]

7

Determine the value(s) of A for which there are non-trivial solutions for x to

<; f>x:x<g §>x 2]

8

Determine the coefficients a,, and b,, for the Fourier Series

o0
= 70 z_: an, cos(nx) + by sin(nx))
of f(z) = cos® zsin x in the interval —7 < = < 7. [Hint: cos® zsinx = (cos? x)(cos zsinz).]
2]
9
A solid sphere of radius a has a density distribution p(r) = 1 + r, where r is the distance
from the centre of the sphere. What is the mass of the sphere? 2]
10
(a) Determine the vector area S (in Cartesian coordinates) of the outside of the shell
defined in spherical polar coordinates (r,0,¢) by r = a, 0 < 0 < 7/4, where § = 0
is in the direction of the z-axis. [1]
(b) What is the projection of S in the direction given by the Cartesian vector
=(1,1,1)? 1]
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SECTION B
11X

(a) (i) Draw right-handed Cartesian axes and label the following points:

the origin O (0,0,0); A(1,0,0); B(0,1,0); C(0,0,1). 2]

(ii) Draw position vectors e = (0,3, 3), f = (,0,1) and g = (3, 3,0), leading to the

points FE, F and G, respectively. Calculate the volume of the parallelepiped defined
by e, f and g. Explain briefly why the result of this calculation is relevant to the

question of whether {e,f,g} can be used as a basis. [6]

(iii) Write the vector OA in terms of the basis {e,f,g}. 2]

(b)  Calculate i, the unit vector normal to the plane containing the points E, F' and G.
Write down a vector equation for this plane and hence find its Cartesian equation.
Calculate the perpendicular distance from the origin to the plane. [6]

(¢)  The point R with position vector r lies on the line EF. Show that

rx(f—e)=exf.

Find a formula for the shortest distance from the point C' to the line EF. Calculate
this distance. [The vector product can be written as either e x f or e A f.] [4]

12R

(a) Find the stationary points and stationary values of the function

1 1
fl@,y) = 56" +y°) +2y - 2y 6]
(b) Determine the nature of the stationary points. [4]
(c) Sketch the contours of the function in the range |z| < 2, |y| < 2. 6]

(d) Add arrows to your sketch, showing the direction of the gradient vector Vf, to
highlight the behaviour of the function. [4]
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13T

Consider the vector field
20 + oy + az

F(x) = o’z + Bz ,
az + By?

where «, 3 are real parameters.

(a) Evaluate [ F-dx along the straight line from (0,0,0) to (1,1,1). 4]
(b) Evaluate [ F-dx along the path x(t) = (¢,t2,¢3), with 0 < ¢ < 1. 6]
(c) Determine the value of 8 for which F is a conservative field. 3]
(d) For the value of 8 determined in part (c), find the scalar field ®(x) such that F = V&

and ®(x) = 0 at the origin. Determine the value(s) of a such that ®(x) = 1 at
(1,1,1). [7]
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Let X and Y be continuous independent random variables distributed according to
probability density functions f(x) and g(y), respectively.

(a) Give an expression for the probability P(a < X < b), where a and b are real
parameters and a < b.
(b) Consider the new random variable U = X + ¢, with ¢ being a real constant.

(i) Find P(a < U < b).

(ii) By considering P(u < U < u+du), find t(u), the probability density function
for U.

(c) Consider the random variable Z = X + Y.

(i) For a given value of Y, find P(z < Z < z + dz|Y =y).
(ii) Show that the probability density function of Z, h(z), is given by

(d) Let f(x) = 71 (1+22)~! for —oo < x < oo and Y be uniformly distributed between
—1/2 and 1/2.
(i) Find the probability density function g(y).

(ii) Find the probability density function h(z) for the random variable Z defined
in (c).

(iii) Sketch h(z) and find the most probable and mean values of Z.
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(a) Solve the following ordinary differential equations:

2
(i) % - 4% +13y =0, with y(0) =7 and y(—7/2)=1; 3]
L dPy o dy _x
(ii) w+2£+y—2xe . 6]

(b) Consider the pair of ordinary differential equations:

% =—-3Ju+twv,
dv
E = —Hu +v.
(i) Rewrite these equations to obtain a second-order differential equation for u(t). [4]
(ii) Determine the general solution for w(t). 3]
(iii) Find the solution for u(t) satisfying u(0) = 1 and v(0) = 1. 4]
16V
(a) Evaluate
/ / (= +y°) ds,
S
where S is the total surface made from the vertical cylinder z? + y?> = a? with
0 < z < b, the flat disc 2 + y? < a? in the z = b plane (b > a > 0), and the
hemispherical indentation x? + y? + 22 = a? with 2 > 0. [10]
(b) Calculate the flux of the vector field
L1 1 . .
SRS Y
z \(lnz)"+1
through each of the six faces of the axes-aligned unit cube with two vertices at
(0,0,0) and (1,1,1). Hence determine the total flux out of the cube. [10]
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(a)

Consider the equation x’ M = Ax”, where x” = (z,y, 2) and

1
M=| 2
0

S =N
_— o O

Determine the values of A for which there are non-trivial solutions and determine
the corresponding solutions.

The elements of the non-singular matrix A are given by a;; and those of matrix B by
b;j. Both matrices are n x n, where n > 1. Write down the following determinants
in terms of |A| and |B|:
(i) [ABJ;
(ii) |«A~!|, for constant o;
(ili) |C|, where the elements of C are related to those of A through ¢;; = B;v;ai;

and f3;, v; are a set of constants.

The n x n matrix Q (with n > 1) has eigenvalues \; with corresponding eigenvectors
e;. From these we define two additional matrices, D and E. The matrix D is
diagonal with non-zero elements d; = A;. The columns of the matrix E are the
eigenvectors (i.e. E = (e1,ez,...,ey,)). You may assume |E| # 0.

(i) Express Q in terms of D and E.

(ii) The m x n matrix Vy is determined recursively by Vi = V;_1Q, for k£ > 1.
Express V. in terms of Vy, D and E.
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Consider the periodic functions f(z) and g(z), both with period 2, defined over the range
—1 <z <1as f(z) =coshz and g(z) = sinhz.

(a) Determine the Fourier Series representation of f(x). Hence or otherwise, show that
f(1) can be written in the form

= 1
cosh(1) = sinh(1) (1 +pz ﬁ> ,
— 14 n4q

and determine the constants p and gq.

(b) Determine the Fourier Series representation of g(x). [Hint: This can be achieved
without computing any further integrals.]

(c) State Parseval’s theorem and use it to show that f_ll(f(ac) — g(x))? dz = sinh(2) .
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(a) Use Lagrange multipliers to determine the height and radius of the circular cylinder
(with ends normal to the axis of the cylinder) of volume V that has the minimal
total surface area S and calculate this area.

(b) Consider a cone of height h and base radius r. The axis of the cone is aligned with
the z-axis and the base is normal to the z-axis. The apex of the cone, located at
(0,0, R) with constant R, lies on the surface of a sphere that is centred on the origin
O. Using a Lagrange multiplier A to enforce the condition that the cone is inscribed
by the sphere (see figure), determine the values of r and h that maximise the volume
of the cone. Calculate the maximum volume of the cone as a fraction of the volume
of the sphere. [Hint: the volume of the cone is given by V = %rzh.]

Figure: Sketch of a cone of height h and base radius r inscribed into a sphere centred on O.

(¢) Find the minimum of the function
n
flxy, e, .yxy) = in, with z; >0 and i=1,...,n,
i=1
subject to constraint

n
H:ni = a, with constanta € R, a > 0.
1=1

Hence or otherwise, deduce an inequality relating the arithmetic mean 1 Yo

n
and geometric mean (]}, xi)l/ "
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(a) By using the method of separation of variables, find a non-trivial solution for each
of the following first-order partial differential equations for real-valued functions

u(z,y):
. Ou ou
(i) %‘xa_y—o’ 3]
ou ou
(ii) T T an—y =0 3]

(b) A function T'(x,t) obeys the diffusion equation

or 9T
ot " ox2

()

for a constant x > 0, non-negative t and —oo < & < oo. The initial condition is
given by T'(z,t = 0) = Ty exp (—a?/L?), where Tjy and L are positive constants.

Substitute a solution of the form T'(z,t) = F(t)exp(—x?H(t)) into equation (),
where F'(t) and H (t) are positive differentiable functions, to obtain two simultaneous
equations containing F'(t) and H(t). Solve these equations for F'(t) and H(t). 4]

Thus show that
H(t)=1/(4kt+L?)  and  F(t) =TyL/V 4kt + L2. 8]

Write out the solution of equation (). 2]

END OF PAPER
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