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SECTION I

1G Linear Algebra
Let V' = P5(R) be the vector space of polynomials with real coefficients of degree
at most 2.

(a) Show that
1
(prq) = /O p(t)q(t) dt

defines an inner product on V.

(b) Let W be the subspace of V spanned by the polynomials {1,¢}. Find an
orthonormal basis for W.

2F Topological Spaces
Let (X,7) be a topological space. What is a neighbourhood of a point z € X7
What does it mean for a sequence in X to converge to some xz € X7

Recall that (X, 7) is metrisable if 7 is induced by a metric d on X. Given metrics
d and d’ on X, show that the following are equivalent:

(1) d and d’ induce the same topology on X;

(2) the convergent sequences with respect to d and d' are the same, i.e. for
every sequence (z,) in X, 3z € X such that z,, — = with respect to d
<= Jy € X such that x,, — y with respect to d'.

It follows that the convergent sequences uniquely determine the topology of a
metrisable space. Does the same hold for a general topological space? Briefly justify
your answer.
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3 Complex Analysis OR Complex Methods

This is the joint question for Complex Analysis/Complex Methods. Attempt only ONE of

the sub-questions. On your answer sheet, specify the question number as either “3.1G” or
“3.207.

(3.1G) Complex Analysis

(a) Let f be holomorphic on the punctured disc {z € C: 0 < |z—z| < r} for some 2z € C
and r > 0. Define the residue of f at zy. State and prove a formula for calculating
the residue at a pole of order 2 as a derivative of an appropriate function.

(b) Consider the function
1

2(z4+1)(2+2)

Find the Laurent series expansion of f(z) about 0 in the annulus

f(z) =

A={zeC: 1< |z| <2}.

(3.2C) Complex Methods

For each of the following functions of a complex variable, state the nature of the point
z = 0, classifying any singularities. Where it is meaningful, state the residue of the
function at z = 0.

in(2) 1 z . 1 . 1 1
sin(z sin [ = zsin | — :
’ sin(z) ’ sin(z) ’ z)’ z)’ sin (1)

4B Variational Principles
State Fermat’s principle.

Consider a light ray travelling between two points in the horizontal-vertical x — y
plane in a medium such that the speed of light is ¢(z). Starting from Fermat’s principle,

derive Snell’s law, namely that
sin 6

c(z)

is a constant, where 6 is the angle the ray makes with the horizontal at any point.
[You may state then use a suitable Euler-Lagrange equation without proof.]

If ¢(x) = 1/4/3 — x and a light ray travels through the origin at an angle 7/4 to the
horizontal, what is its angle to the horizontal at x = 17
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5C Numerical Analysis

A v-stage explicit Runge—Kutta method for solving the ordinary differential equation
(ODE) dy/dt = f(t,y) has the form

kl = f(tﬂnyn) 9
k2 = f(tn + Cth Yn + hCle) )
ks = f(tn 4+ c3h,yn + h(az k1 + a3 2k2)), asy +az2 = c3,
v—1 v—1
ky=f|tatehyn+hd ajki |, D a=c,
=1 j=1

Ynt1 =Yn+h Y biki,
=1

where h > 0 is the step size.

(i) Apply the method to the ODE dy/dt = Ay, where X is a complex constant, to
show that

Yn+1 = 7(2)Yn ,
where z = hA and r(z) is a polynomial of degree v (which you do not need to determine).

(ii) Show that, for the method to be of order v, r(z) must have the form of the
truncated exponential series
vl
z
r(z) = Z e
=0

(iii) For the methods considered in part (ii) in the cases v = 2 and v = 3, determine
which part (if any) of the imaginary axis belongs to the linear stability domain.
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6H Statistics B
Let Xi,..., X, <" U9, 1] where 6 < 1.

(a) What does it mean for a statistic 7" to be sufficient for 7 Find such a sufficient
statistic T'.

(b) State the Rao—Blackwell theorem.

(¢) Find, with justification, an unbiased estimator @ of § with mean squared error

1—0)?

E@— g2 = L=

( ) n(n +2)

[Hint: First consider an unbiased estimator of 6 based on just a single observation. The
variance of the minimum of n independent U[0, 1] random variables is

]

(n+1)%(n+2)

7TH Optimisation

Solve the following optimisation problem using the simplex algorithm:
maximise xr1 + 2o + 3

subject to (r1 — x2 + :1:3)2 <4,

<4

271 + 3wo + 73 , x1,x2,23 =2 0.

Suppose the constraint 2x1 + 3x2 + x3 < 4 is replaced by 2z1 + 3z9 + 23 < 4+ €. Give an
expression for the optimal solution that is valid for all sufficiently small non-zero e.
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SECTION II

8E Linear Algebra

(a) Describe (without proof) what it means to put an n x n complex matrix into
Jordan normal form. Explain (without proof) the sense in which the Jordan normal form
is unique.

(b) Let V5 be the set of complex polynomials in z,w of degree at most 2 in
each variable. You may assume this is a 9-dimensional vector space over C, with basis
{z'w? : 0 <i,j <2}

(i) For f € V&, consider the map D : Vo — V5 given by
_of  of

D(f)(z7w) - E"" aw'

Explain briefly why 0 is the only eigenvalue of D. Find the corresponding
eigenspace.
(ii) Determine the Jordan normal form of D.

(c) Let A be an n x n complex matrix and let g(X) be a polynomial with complex
coefficients.

(i) By considering the Jordan normal form of A, or otherwise, show that
if the eigenvalues of A are Aj,...,\, then the eigenvalues of g(A) are

g(A1)y -y 9(An).

a d c b
b a d c . .
(ii) Let B = c b oa d be a complex matrix. Express B in the form
d ¢ b a
g(A) for a certain polynomial g that you should determine, and with
00 01
1 000 . .
A= 010 0l Find the eigenvalues of B.
0 010

[Hint: Compute powers of A.]
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9E Groups, Rings and Modules
Let R be a non-zero commutative ring with a multiplicative identity.

(i) Recall that an element r € R is nilpotent if v = 0 for some n > 0. Let N be
the set of nilpotent elements of R.

Show that N is an ideal of R. What are the nilpotent elements in R/N?

(ii) Show that a polynomial f(X) =ao+ a1 X + -+ a, X" € R[X] is nilpotent if
and only if ag,a1,...,a, € N.

(iii) Show that if v € R is a unit and b € N then their sum u + b is a unit. Deduce
that if a polynomial f(X) =ap+a1 X + -+ ap, X" € R[X] is such that ag is a unit in R
and ai,...,a, € N, then f(X) is a unit.

(iv) Show that if f(X) € R[X] is a zero divisor then there is some non-zero r € R
such that r f(X) = 0. [Hint: Suppose not, and choose a non-zero g(X) € R[X] of minimal
degree such that f(X)g(X) =0.]

Consider a polynomial f(X)=ap+a1X +---+a, X" € Z[X] and let m > 2. Write
f(X) mod m when we consider its coefficients modulo m. Deduce that if f(X) mod m is
a zero divisor in (Z/mZ)[X] then ged(ao, . .., an,m) > 1.

10G Analysis II

(a) Let (fn) be a sequence of real-valued functions defined on a set £ C R. State the
definition of uniform convergence of (fy,) to a function f on E.

(b) State and prove the Weierstrass M-test for the uniform convergence of a series of
functions on E.

(c¢) For x > 1, define

1
((z) = e
n=1
Show that the series defining ((z) converges for z > 1 and that ¢ is continuous on
(1, 00).
(d) Consider the series defined by
=\ cos(n3x 2. sin(n3x
Sy = 30 PO gy =y O
n=1 n=1

for x € R.

(i) Evaluate

/OWS(x)dx

by integrating the series S(x) termwise. Justify why this operation is valid.

(ii) Does the series T'(z) converge uniformly on (0,7)7 Justify your answer.
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11 Complex Analysis OR Complex Methods

This is the joint question for Complex Analysis/Complex Methods. Attempt only ONE of
the sub-questions. On your answer sheet, specify the question number as either “11.1G”
or “11.2C”.

(11.1G) Complex Analysis

(a) Let D = {z € C: |z|] < 1} denote the open unit disc of the complex plane. Let
f: D — D be a holomorphic function such that f(0) = 0. Show that |f(z)| < |z]
for all z € D. Deduce that if such a function f also satisfies |f(z0)| = |20| for some
zp € D\ {0}, then there exists a € C such that f(z) = az for all z € D.

(b) Let © be the following domain defined by the intersection of two discs:
N={zeC:|z|<1}n{zeC:|z-1]| < 1}.

Find, with justification, a conformal bijection f mapping §2 onto the upper half-plane
H={w € C: Im(w) > 0}.

(11.2C) Complex Methods

Let z = x4+ iy and ¢ = £ +in be two complex variables. Consider the map z — f(z)
given by the function
z+Vz2—c?
flo == 2TV

where c is a positive real constant and the branch cut is taken along the real axis from —c
to +c.

9

(i) Show that the map is conformal away from the branch cut.

(ii) Verify that
1 z—Vz2—-¢2
¢ c

and use this property to express z in terms of (.

(iii) For any R > 1, show that the circle |(| = R is the image under f of an ellipse

S+ =1 (*)
and express the semi-axes a,b > 0 of the ellipse in terms of ¢ and R. Show further

that the exterior of the ellipse maps to the region |(| > R.

[QUESTION CONTINUES ON THE NEXT PAGE]
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(iv) Let w = u + iv be a complex variable. Explain why the function

_C-R

g(C):w—C+R

corresponds to a conformal map of the region |(| > R to the right half-plane u > 0.
[Properties of Mobius maps may be quoted without proof.]

(v) Suppose we wish to find a solution of Laplace’s equation in the exterior of the
ellipse (%) that equals +1 on the upper half of the ellipse (y > 0), equals —1 on the
lower half of the ellipse (y < 0) and tends to zero as \/x? 4+ y?> — oco. By considering
the function log w (with the standard branch cut) and quoting any relevant properties
of analytic functions, express this solution in terms of a function of z.

12D Methods
(i) Define the two functions f(x) and F(z) on the domain z € [0, 1) as:

flz) =1-2x, F(z) = z(1—x).

Now consider the odd extension of these functions to the domain [—1,1), labelled
respectively as f(z), F(z). Determine the coefficients for the Fourier series for both of
these odd functions on [—1,1). Compare the rates of convergence of the series and offer a
brief explanation.

(ii) Consider the eigenfunction problem
Ly = —y'=2 = Ny,

with boundary conditions y(0) = 0 and y(1) = 0. Demonstrate that the eigenvalues are
given by A = n?r? +1 for n = 1,2,3,... and determine the associated eigenfunctions
yn(z). Put Ly = Ay in Sturm-Liouville form and obtain the orthogonality relation of
these eigenfunctions.

Now consider the inhomogeneous problem,

Ly =—y'—2y = e "f(x), y(0)=y(1)=0,

where the function f(z) = 1 — 2z is the same as in part (i). Assuming the set of
eigenfunctions {y,(z)} is complete, seek a series solution of the form y(z) = >, a, yn(z),
using an appropriate expansion for the source term. Explicitly evaluate the series
coefficients a,, for this solution.
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13B Quantum Mechanics

(i)
(i)

(iii)

Why does the Schrodinger equation not apply to massless particles?

A one-dimensional infinite potential well has a vanishing potential for —a < = < a
and an infinite potential elsewhere. Show that the stationary states v, of a quantum
mechanical particle of mass m > 0 can be written

p(x) = Asin (w(x + a)),

where you should determine each of w, A and the energies E, of the stationary
states explicitly in terms of m, a, i and n = 1,2, ... Show explicitly that the 1), are
orthonormal. You may assume that they are also complete.

Consider the preparation of a particular state 1 in this potential well:
2 2mx
sin , O<zx<a,
oty = { Vo )
Oa —a<x< 0.

Many such states are prepared, each in a similar infinite one-dimensional potential
well, in different experiments. Calculate the average E,, of the energies measured
immediately after their preparation.

By calculating Eg, in terms of the energies of the Hamiltonian eigenstates, show

that
2n+1
=B
Z (2n+1)2 — 16)2

for some constant B, which you should find.

[Hint: You may find the following identity helpful,

cos(fy — 62) — cos(6y + 602)

sin #1 sin O, = 5

Part IB, Paper 1
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14D Electromagnetism
(a) A steady current I flows along a curve C formed by a perfectly conducting wire.
Assume that the vector potential A at a point x away from the wire is given by

I /
Ax) = Bl [

4t Jo lx — x|

Show that A(x) satisfies the Coulomb gauge condition V - A = 0 with appropriate
boundary conditions for C. Deduce the Biot-Savart law for the magnetic field,

pol [ dx' x (x —x)

B(x) =
(x) dr Jo  |x—x|3
(b) An infinite wire carrying a current I runs along the z-axis from z = —oo to
the origin (0, 0, 0), where it turns at right angles and continues along the negative y-axis
to y = —oo. Consider the semi-infinite segment of wire along the negative z-axis only

and use the Biot-Savart law to show that its contribution to the magnetic field is given in
cylindrical polar coordinates (r, ¢, z) (with 2 = 22 + y?) by

1o I zZ ~
Bx) = 207 (1- 2 )¢,

By considering Cartesian coordinates, obtain the complete solution for B from the wire
which also includes the semi-infinite segment along the negative y-axis. Briefly discuss the
limiting values of the magnetic field along the line x = 0, y = 1 in the asymptotic limits
z — Fo0.
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15A Fluid Dynamics
An inviscid, incompressible fluid flow is governed by the Euler equations

p[?;—k(u-V)u}:—Vp, V-u=0,

where the density p is a constant.

(a) Derive the evolution equation satisfied by the vorticity w = V x u and express it in
a form in which the incompressibility of the flow is explicit.

(b) Consider the velocity field u whose Cartesian components are

w = (—5a(t)z, ~ 50l a(0)2),

where «(t) is a given function of time.

(i) Show that the flow is incompressible.

(ii) Suppose that a spatially uniform but temporally varying rotation is added to
the flow so that

w(t) = (0,0,w(t)).

Using the vorticity equation derived in part (a), obtain an equation for the rate
of change of w(t).

(iii) Solve the obtained equation for w(t) in terms of «(t) and the initial value
w(0) = wp. Hence describe how the vorticity magnitude changes when «(t) > 0
and explain your result in terms of vortex stretching.
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16C Numerical Analysis
(i) Let p € P, interpolate the function f € C"*1[—1,1] at the n + 1 distinct points

xo, -+ ,Zn € [—1,1]. Prove that the interpolation error for any = € [—1, 1] can be expressed
as
FroE)
Cp(x) =1 — S
@) = pla) = o ).
where

n

II(z) = H(x — x;)

1=0

and ¢ € [—1,1] is some number that depends on z. [You may assume Rolle’s theorem. |

(ii) Let @ = arccosx and let T, +1(x) = cos((n + 1)0) be the Chebyshev polynomial
of degree n + 1. In the case of the Chebyshev points,

o1 ™ .
x; = cosb;, 9i:<2+2>n+1’ 0<i<n,

which are the zeros of T,,11(x), show that
1 n
()| < (=
)l < (5)
for all z € [—1,1].

[Hint: The identity cos((n+1)0)+cos((n—1)0) = 2 cos 0 cos(nd) can be rewritten as
a recurrence relation for the (non-monic) polynomial T,,(x). Hence, or otherwise, deduce
the coefficient of ™ in Tp41(x).]

(iii) For the function
f(x) = cos(kx),

where k is a positive constant, show that f(z) —p(x) — 0 as n — oo for all z € [—1,1] in
the case of the Chebyshev points.

(iv) In the case of equally spaced points,

. 2 .
ZL‘@':—1+<’L+2)n+1, 0 2 n,

II(1) > (i)n .

[Hint: Use a graphical or similar argument to show that

) 1 n+1
log 3 +log 5 + - +log nt >/ log z dx ]
2 2 2 1

N
N

show that
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17H Statistics

Consider the normal linear model Y = X3 4 ¢ where X is a known matrix of
predictors, 3 € RP is an unknown vector of parameters, and € ~ N,,(0,021) is a vector of
normal errors with o > 0. Let X = (X0, X1), where Xy € R"*P0 and X; € R"*P! with
po + p1 = p, and correspondingly write 37 = (BJ,,BI) where By € RP? and 5 € RPt. We
wish to test the null hypothesis Hy that 51 = 0 against the alternative that 51 # 0. We
assume throughout that Xy has full column rank.

(i) Write down the maximum likelihood estimator (f3y, 52) of (B, ¢?) in the model
given by the null hypothesis Hy.

(ii) Assuming that X has full column rank, write down the F-test statistic for
testing Hy.

(iii) Let R=Y — Xof be the residuals from fitting the model given by Hy. Show
that under the null, the distribution of R/c is the same as that of (I — Py)Z where
Z ~ Np(0,I) and Py € R™ ™ is a matrix you should specify.

(iv) Let X1; € R™ be the jth column of the matrix X; and suppose || X1;|| = v/n
for all j. It is known that if ¢ ~ N(0,1), then P(|¢| > t) < e **/2 for t > 0. Show that for
each j,

1 T —t2/2
P(\/ﬁ\XU(I—PO)Z| > t> <e U2

(v) Let X1; € R™ be the jth column of the matrix X;. We do not assume that X
has full column rank, but suppose that o is known. Consider the test statistic

T=—— max |X[R|.
o\/n j=1,...p1

Let a € (0,1). Show that the test that rejects Hy when T' > /2log(p1/«) has size at
most a.
[Hint: Given events Ai,..., Ay, a union bound yields ]P’(U?lzlAj) < ?1:1 P(A;). ]

(vi) Now consider the case where o > 0 is unknown (and X does not necessarily
have full column rank). Find, with justification, a test statistic for the null Hy against the
alternative 51 # 0 that under the null has the same distribution as

j=lop || = P)Z|
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18H Markov Chains
(a) Let (X,)n>0 be a Markov chain with transition matrix P. What is a stopping
time of (X,,)n>0? What is the strong Markov property?

(b) The chatbot for dogs, ChatGPET 1.0, produces sequences consisting of three
sounds: a bark, a growl and a whine. Given a sound Xy of this form initiated by a dog, at
time ¢ for t = 1,2, ..., the chatbot produces a sound X; such that Xy, X1,... is a Markov
chain with transition matrix

0 1/2 1/2
P=[2/3 0 13
2/3 1/3 0

Here rows 1, 2 and 3 correspond to bark, growl and whine, respectively. Suppose
Xy = bark. Determine the expected time for ChatGPET 1.0 to produce:

(i) a growl;

(ii) a growl immediately followed by a whine.

(c) It was found that dogs find too many barks in the conversation over-stimulating,
but this can be mitigated by a number of whines. The newest version, ChatGPET 2.0,
therefore includes the following additional safety feature: writing IV, for the number of
barks produced by the chatbot, and N,, for the number of whines, when N, — N, > m
for some m € N, the conversation is terminated. By appropriately augmenting the state
space of the Markov chain in part (b), find the expected length of the sequence produced
by ChatGPET 2.0.

[Hint: It may help to set 3,v,w to be the expected times for N, — N, to increase by 1 when
starting with a bark, growl and whine respectively.)

END OF PAPER
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