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SECTION 1
1D Groups

In the following groups determine the number of elements of order 4. Justify your
answers.

(a) Cy x Cy (where C,, denotes the cyclic group of order n).
(b) S4 (where S, denotes the symmetric group of degree n).
(c) Sg.
(

d) Ag (where A,, denotes the alternating group of degree n).

2D Groups
Define the centre, Z(G), of a group G and show that it is an abelian normal subgroup
of G.

Are the following true or false? Justify your answers.
(a) If K is a normal subgroup of order 2, then K < Z(G).
(b) If G/Z(G) is cyclic, then G is abelian.

(c) There exists a nontrivial group with trivial centre.

3A Vector Calculus
Consider a curve x(t) in R3. Define the arc length s, tangent vector t, principal
normal vector n and curvature k.

Show that t is perpendicular to n.

Compute t, n and x for the curve

x(t) = <et cost, e'sint, \@et> i

4A  Vector Calculus
State the divergence theorem for a smooth vector field F(x) in R? and a volume V
enclosed by a piecewise smooth closed surface S = 9V

By explicitly calculating the volume and surface integrals, verify the divergence

theorem for the case where
F(x) = x ¢~ VAT

and V is a sphere of radius a centred on the origin.

7
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SECTION II
5D Groups

Let G be a finite group and g € G. Define the order of g. Show that if g” = e, then
the order of g divides n.

State and prove Lagrange’s theorem.
Deduce that the order of g divides the order of G.

Let N be a normal subgroup of G. Explain how G/N inherits the structure of a
group.

Suppose N has index m in G and the order of IV is n. Further, suppose m and n
are coprime. Show the following:

(a) N={aeG:a" =e}.
(b) N={b":be G}.

6D Groups
(i) Define GLy(C) and SLo(C). Show that SLo(C) is a normal subgroup of GLo(C)
and identify the quotient group GL2(C)/SL2(C).

(ii) Define the Mobius group M. Explain how M can be identified as a quotient
group of GLy(C).

(iii) Show that M acts transitively on CU{oo}. Show that any non-identity element
of M has one or two fixed points. Identify the stabiliser of co and denote it by S.

(iv) Show that every element of M is conjugate to an element of S.

7D  Groups

Let G be a finite group. Define what it means to say G acts on a set X. Explain how,
if | X| = n, this yields a homomorphism from G to S,, where S,, denotes the symmetric
group of degree n.

Let H be a subgroup of G of index n. Suppose |G| does not divide n!. Show that
H contains a nontrivial normal subgroup of G.

Let L be a subgroup of G of index p, where p is the smallest prime divisor of |G].
Show that L is a normal subgroup of G.

If M is a subgroup of G of index p, where p is prime, does it follow that M is
normal?
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8D Groups

Let S,, denote the symmetric group of degree n > 2. Explain how a permutation
o € S, can be written as a product of disjoint cycles.

Show that S,, can be generated by transpositions.
Define A,,, the alternating group of degree n.

For any even m with 2 < m < n, show that A,, can be generated by m-cycles. [Hint:
Write (a,b)(a,c) as a product of two m-cycles.]

For any even m with 2 < m < n, show that S,, can be generated by m-cycles.

Can S, be generated by m-cycles if m is odd? Justify your answer.

9A Vector Calculus
(a) Using suffix notation, prove the vector identity

Vx(FxG)=(V-G)F—(V-F)G + (G- V)F - (F-V)G.

[You may use without proof any standard results involving the antisymmetric tensor €;;y.]

(b) Define what is meant by an irrotational vector field. Prove that if E = V f,
where f is a smooth scalar field, then E is irrotational.

(c) Consider cylindrical polar coordinates (p, ¢, z). For each of the following vector
fields E, explicitly compute
I = j{ E - dx,
C

where C is a circle of radius a about the z-axis at z = 0 traversed in the direction of
increasing ¢. For each case, find a scalar field f such that E =V f.

(i) E:%% for p # 0.
(i) E = [(—2p* +1)singe, + cospey — 2zpsinpe. | e

[Hint: In cylindrical polar coordinates V f = g—iep + %g—(};%) + %ez.}

In the case of part (ii), how could we have inferred the value of I without explicit
computation? What about the value of I in part (i)?
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10A Vector Calculus

(a) State Stokes’ theorem for a smooth vector field F in R? and a piecewise smooth
open surface S with a piecewise smooth boundary curve C' = 9S. [Carefully specify any
directions/orientations.]

(b) Consider F = (—y3, 23, —23 + ¢?). Calculate V x F and explicitly verify that
V.- (VxF)=0.

(c) Consider an open surface S defined in two pieces: 22 +3? = a? for 0 < 2 < h
and the disc 22 + y? < a® for z = h, where a and h are positive constants. Sketch S and
illustrate the direction of dS for each piece of the surface.

(d) Verify Stokes’ theorem for F in part (b) with S in part (c) by explicitly
calculating the surface and line integrals.

(e) Now consider an open surface S’ defined by 22 + y? + 322 + 524 = a? for z > 0,
where a is a positive constant. Calculate

//(VxF)-dS,

for F given in part (b).
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11A Vector Calculus
(a) Consider a scalar field ¥ (x) that satisfies

Vi —m%*)p=pinV, ¢/0n=fonsS,

where V is a region of R? with boundary S a closed surface, p and f are given functions
on V and S respectively, and m is a real constant. Show that ¢ is unique for m # 0. Does
the conclusion change if m = 07

(b) The electric field E(x) satisfies V - E = p/ep and V x E = 0, where p(x) is the
charge density and € is a constant (the permittivity of free space).

(i) Briefly explain how an electric potential ¢(x) can be defined and show this
satisfies Poisson’s equation.

(ii) Consider a sphere of radius b with charge density

0 forr <a
p(x) =
po/r fora<r<b,

where b > a > 0 and pp are constants, and r = |x|. Find the electric
potential ¢ in the three regions r < a, a < r < b and r > b, assuming that
¢ = ¢(r) is spherically symmetric, ¢ and ¢’ are continuous everywhere, and
¢ — 0 asr — oo.

(iii) Compute the electric field outside a sphere of radius ¢ < b with uniform
charge density (i.e. p constant) and total charge Q. For r > b show that
this electric field is equivalent to the electric field outside the sphere in part
(ii) if that sphere also has total charge Q.

[Hint: V2p(r) = L5 (rg) ]
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12A Vector Calculus
In this question consider real Cartesian tensors in R3.

(a) Define a tensor T of rank k, explaining carefully the meaning of the notation in
your definition.

(b) If A is a tensor of rank p and B is a tensor of rank ¢, define what is meant by
the contraction of one index of A with one index of B. What is the rank of the resulting
tensor? For the particular case p = 3 and ¢ = 3, show that this contraction of A and B
does result in a tensor.

(c) Define an isotropic tensor and write down the most general isotropic tensors of
rank 0, 1, 2 and 3.

(d) For each of the following integrals, briefly indicate why the integral is an isotropic
tensor, state the rank of the tensor and compute the integral,

(i) fS xie_TQdS,
(ii) fq zizje " dS,

(i) [ :cizvj:nke*’zdS,
where S is the surface of a sphere of radius a centred on the origin.

(e) Consider the tensor

Tii(u,v) = /S(xl —u;)(xj — Uj)e_TQdS,

where u and v are fixed vectors. Show that it has the form T;; = ad;; + Bu;v;, where o
and 3 are scalars. Determine a and £.

END OF PAPER
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