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SECTION I

1E Groups
Let G and H be finite groups and g € G.

Define the order of g.

Show that if ¢: G — H is a homomorphism then the order of ¢(g) divides the order
of g.

Show that if ¢ is surjective and H has an element of order m then G has an element
of order m.

How many homomorphisms Cy — Sy are there?

2E  Groups
What does it mean to say a group is abelian? What does it mean to say a group is
cyclic?

Show that every cyclic group is abelian. Show that not every abelian group is cyclic.

Recall that the proper subgroups of a group G are the subgroups of G not equal to
G. If every proper subgroup of a group G is cyclic then must G be abelian? Justify your
answer.

3A Vector Calculus

Let D be the region in the positive quadrant of the xy plane defined by

[0
Yy <o s ooy, <$<§’

< | =

where o > 1 is a constant. By using the change of variables u = z/y, v = xy, or otherwise,

evaluate
/ z?dxdy .
D

4A Vector Calculus

Consider the curve in R? defined by y = logz, z = 0. Using a parametrization of
your choice, find an expression for the unit tangent vector t at a general point on the
curve. Calculate the curvature x as a function of your chosen parameter. Hence find the
maximum value of k£ and the point on the curve at which it is attained.

[ You may assume that k = |t x (dt/ds)| where s is the arc-length. |
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SECTION II

5E Groups

What does it mean for a group G to act on a set X. Given such an action and
x € X define the orbit and stabiliser of x. State and prove the orbit—stabiliser theorem
for a finite group.

State and prove Cauchy’s theorem.

Suppose that G is a group of order 33. By considering the conjugation action of a
subgroup of G on G, show that G must be cyclic.

6E Groups
What is a Mébius transformation?

Show carefully that if (21, 22, 23) and (wq,ws,ws3) are two ordered subsets of the
extended complex plane (E, each consisting of three distinct points, then there is a unique
Mébius transformation f such that f(z;) = w; for i = 1,2, 3. [You may assume that the
Mobius transformations form a group under composition.]

Define the cross-ratio [21, 22, 23, 24] of four distinct points z1, 29, 23, 24 € C. Show
that a bijection f: C—>Cisa Mébius transformation if and only if f preserves the
cross-ratio of any four distinct points in (C, that is, if and only if

(21, 22, 23, 24) = [f(21), [(22), f(23), f(24)]

for any four distinct points z1, 2o, 23, z4 in C.

Are there complex numbers a and b such that the map that sends z to az + b for
z € C and fixes oo is Mdbius? Justify your answer. [Here z denotes the complex conjugate
of z.]

7E  Groups

Suppose G is a group. What does it mean to say that a subset K of G is a normal
subgroup of G?7 For N a normal subgroup of G explain how to define the quotient group
G/N. Briefly explain why G/N is a group.

Define the kernel and the image of a group homomorphism. Show that a subset K of
G is a normal subgroup of G if and only if there is a group H and a group homomorphism
0: G — H such that K is the kernel of §. Show moreover that in this case the image of 8
is a subgroup of H and G/K is isomorphic to the image of 6.

By defining a suitable group homomorphism from (R, +) to (C\{0},-), show that
R/Z is isomorphic to the subgroup of (C\{0}, -) consisting of complex numbers of modulus
1. What characterises the elements of the image of Q/Z under this isomorphism?
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8E Groups

Show that the set S(N) of invertible functions 7: N — N is a group under
composition. Show that the subset ST%(N) of invertible functions 7: N — N such that
there is some n > 1 with 7(m) = m for all m > n is a subgroup of S(N).

A cycle is a non-identity element o of Sf%(N) such that for every m,n € N either
o(m) = m or o(n) = n or there is an integer a such that o%(m) = n. Show that if o is a
cycle and n € N such that o(n) # n then the order of o is the least positive integer [ such
that o!(n) = n. Show in particular that the order of ¢ is always finite.

Show that every element 7 of ST%(N) can be written as a product of cycles o7 - - - oy,
such that for every 1 < i < j < k and every n € N either o;(n) = n or gj(n) = n (or
both). Show moreover that o;0; = ojo; for all 1 < i < j < k. What is the relationship
between the order of 7 and the orders of o1, ...,07 Justify your answer.
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9A Vector Calculus

(a) Using Cartesian coordinates x; in R3, write down an expression for dr/dz;,
where 7 is the radial coordinate (r? = x;z;), and deduce that

V- (g(r)x) = rg'(r) +3g(r)
for any differentiable function g(r).

(b) For spherical polar coordinates r, 6, ¢ satisfying
x1=rsinfcos¢, xy=rsinfsing, x3=r7rcosh,
find scalars h,., hg, hy and unit vectors e;, ey, e, such that
dx = hye.dr + hgegdd + hgeszdo .

Hence, using the relation df = dx - Vf, find an expression for V f in spherical polars for
any differentiable function f(x).

(c) Consider the vector fields
A+:}tange (r#0,0+#m) A*:—lcotge (r#0,6+#0)
r 2°? ’ ’ o2 ’ )

Compute V x AT and V x A~ and use the result in part (a) to check explicitly that your
answers have zero divergence.
hre, hgeg hgeg
You may use without proof the formula V x A = m a/or 0/00 9/I¢ ]
hy A, hgAg hgAg

(d) From your answers in part (c), explain briefly on general grounds why
At — A" = VY

for some function f(x). Find a solution for f that is defined on the region z; > 0.
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10A Vector Calculus

Let H be the unbounded surface defined by 22 4+ y? = 22 4 1, and S the bounded
surface defined as the subset of H with 1 < 2z < v/2. Calculate the vector area element
dS on S in terms of p and ¢, where x = pcos¢ and y = psin¢. Sketch the surface and
indicate the sense of the corresponding normal.

/VxA-dS
s

where A = (—y22,222,0). Now verify your answer using Stokes’ Theorem.

Compute directly

What is the value of

V x A-dS
S/

where S’ is defined as the subset of H with —1 < 2 < V2 ? Justify your answer.

11A Vector Calculus

Let V be a region in R? with boundary a closed surface S. Consider a function ¢
defined in V' that satisfies
V2 —m?p =0
for some constant m > 0.

(i) If 9¢p/On = g on S, for some given function g, show that ¢ is unique provided
that m > 0. Does this conclusion change if m = 0?7

[ Recall: 9/0n =n -V, where n is the outward pointing unit normal on S. |

(ii) Now suppose instead that ¢ = f on S, for some given function f. Show that for
any function ¢ with ¢ = f on S,

/(!W|2+m2w2>dv > /<|V¢|2+m2¢2>dV-
1% 1%

What is the condition for equality to be achieved, and is this result sufficient to deduce
that ¢ is unique? Justify your answers, distinguishing carefully between the cases m > 0
and m = 0.
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12A Vector Calculus

Consider a rigid body B of uniform density p and total mass M rotating with
constant angular velocity w relative to a point a. The angular momentum L about a is
defined by

L = / (x—a) % [w x (x —a)] pdV,
B
and the inertia tensor I;j(a) about a is defined by the relation

LZ‘ = Iij(a) w]' .

(a) Given that L is a vector for any choice of the vector w, show from first principles
that I;;(a) is indeed a tensor, of rank 2.

Assuming that the centre of mass of B is located at the origin 0, so that

/ xidV = O,
B

I; (a) = Iij(O) + M( akak&-j — aia; ) ,

show that

and find an explicit integral expression for I;;(0).

(b) Now suppose that B is a cube centred at 0 with edges of length ¢ parallel to the
coordinate axes, i.e. B occupies the region —%E <z < %E . Using symmetry, explain in
outline why I;;(0) = Ad;; for some constant A.

Given that A = M¢?/6, find I;j(a) when a = %6(1, 1,0), writing the result in matrix
form. Hence, or otherwise, show that if the cube is rotating relative to a with |w| = 1
then, depending on the direction of the angular velocity, |L| has a maximum value that is
four times larger than its minimum value.

END OF PAPER
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