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1 You may feel free to use, without proof, standard Sobolev embedding and
interpolation theorems.

Let Q = T3 := (R/LZ)3 be a fundamental periodic domain in R? and let

V-vz()},

with |-| denoting the norm of the space H. Recall the Leray-Helmholtz orthogonal
projection

H= { € (12,()?

P, (L2..(Q) — H,

per

and denote by D(A) = (HZ2,(Q))? N H the domain of the Stokes operator A, where

per

A = —P,A = —A in this setting.

Suppose that {¢1, @2, ...} is an orthonormal basis of the Hilbert space H consisting
of eigenfunctions of the Stokes operator A, that is Ay = Agpr for £ = 1,2,..., with
0 < A < XA < ..., repeated according to their multiplicities. Moreover, suppose
that {t1,19,...} is an orthonormal basis of the Hilbert space Lger(Q) consisting of

eigenfunctions of the Laplacian operator —A, that is —Ay, = upyy for k = 1,2,...,
with 0 < g1 < po < ..., repeated according to their multiplicities. Furthermore, let

Hn = Span{SOL P2y .0 Spn} and ﬁn = Span{d)l’w?a e 71/]71,})

forn =1,2,..., and denote b}{ Py, the orthogonal projection P, : H — Hpy, and by II,
the orthogonal projection IL, : L2 (Q) — H,, .

Consider the following Rayleight-Bénard convection system of coupled PDEs in R?
subject to periodic boundary conditions with fundamental domain €,

—vAu+ Vp = abes,
V-u=0,
0

50— R0+ (u- V)0 = Blu-e3),

0(x,0) = Oo(z),
where the unknowns are the three-dimensional velocity vector field u, the pressure p and
the temperature 6, all are functions of (z,t) and periodic with respect to the spatial

variable 2 € R3. Moreover, v, o, 8 and k are given positive constants, and ez = (0,0, 1) is
the unit vector in the vertical direction. Or equivalently consider the system

vAu = aP,(fe3)

%9—nA0+(U'V)9 = B(u-es)

with initial value 6(z,0) = 6p(z) .

[QUESTION CONTINUES ON THE NEXT PAGE]
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@)

(a) Show that for every v € D(A) and every n, x € Héer(Q) , one has:
(i)
- Dmllzz_ @y < clAvllllz_ -

for some positive constant c,

(i)

and
(i)
/Q ((wlz) - V)n(a)) () dz = 0.

(b) Let 6y € L%er be given, and consider the following Galerkin approximation scheme

for system (x):

VAU, = aPy, Py(Ope3)

;Gm — kA, + Ty (- V)0p) = Bl (u, - €3)

with initial value 6,,(0) = I1,,,0p , and where u,, € H,, and 0,, € H,,.
(i) Show that for every u,, € Hy, and 0,, € H,, satisfying (xx) one has
Q
Al < X0l
(ii) Explain briefly why for every T' > 0 system (%) has a unique solution in the

time interval [0, 7.

(iii) Demonstrate that for every 7' > 0, there are positive constants
Ko(T), Ko(T), K1(T) and K|(T), independent of m, such that the solution
U, and 6, of the Galerkin system (*x) satisfies:

||9mHL°O((07T);L12)er(Q)) < Ko(T), HAumHLOO((O,T);H) < Ky(T),

16l 2(0,ysmz3, .0 < E1(T)
and
< Ky(T),

B
20,7y ()
where HL(Q) denotes the dual space of ngr(Q) .

per

[QUESTION CONTINUES ON THE NEXT PAGE]|
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(c) Let us denote by L2, the Hilbert space Lper(Q) endowed with its weak topology.

Use the above to prove that for every T > 0 and every choice of initial data
0o € Lper(Q) there exists a global weak solution, # and u to system (x) satisfying
the following properties:

(i)

0 C([O T] weak ﬂLOO O T per mL2 0 T per(Q))

and
do

dt

(ii) The weak solution established above satisfies the first equation of system (%)
in L>°((0,T); H) and the second equation of system () in L2((0,T); Hyo1(€2)) .

e L2((0,7); H; 1()).

per

Demonstrate that there is a unique weak solution to system (%) satisfying the
properties stated in (c¢)(i) and (c)(ii).

Assume that the unique weak solution to system (x), 6 and u , which was established
in (c) and (d) satisfies the energy equality:

1 2 ! 2 1 2 !
5 ”0(t>”L%er(Q)+HA HVH(T)HL%H(Q) dr = 3 \GOHLger(Q)-Fﬁ/O /Q(U(x?t)'%)a(x) dz dt,

for every t € [0,T].

Show that the unique weak solution established above satisfies the following addi-
tional regularity property
0 c C([0,T]; L2.,.()).

per
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2 You may feel free to use, without proof, standard Sobolev embedding and
interpolation theorems.

Let Q = T? := (R/LZ)? be a fundamental periodic domain in the plane R?, and let

V"U:O}.

Suppose that {i1,12,---} is an orthonormal basis of the Hilbert space Lper(Q)
consisting of eigenfunctions of the Laplacian operator —A, with domain D(—A) =

= { € (12,()?

ngr(ﬂ); that is —Avr = pgtyp for k = 1,2, with 0 < p1 < pe < ---, repeated
according to their multiplicities. Furthermore, for n =1,2,..., denote by

ﬁ[n == Span{"(/fh ¢27 o 7¢7’L} and H, = Span{vlwlv va27 ey van}

where the operator V=+ := ( 8(21 ) dx) Observe that H, and H, consist of trigonometric
polynomials. We also denote by P, the orthogonal projection P, Lper(Q) — H,,.

Assumptions Assume that the following equalities (i)-(iv), below, hold true

(i) for every x, ¢ € per(Q) and j = 1,2 one has

d(xp)  Ix O
oz 8xj¢+ (%vj’

and the equality holds in H;er(Q) ,

(ii) for every x, ¢ € per(Q) and j = 1,2 one has

3x3¢d

(iii) for every x, ¢ € per(Q)
/—Ax¢dx:/VX~V¢d$.
Q Q

iv) For every v € (H5X1 Q)2 H and £ = V x v := 22 — 2% where s > 0, one has
per Ox oy

[oll gy = 1€l g,

[QUESTION CONTINUES ON THE NEXT PAGE]|
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Consider the vorticity formulation of the two-dimensional steady-state damped-
driven Navier-Stokes equations, subject to periodic boundary conditions with fundamental
domain 2,

—VAw+yw+ (u-V)w =g,
ov v
—vly — —

— AV =w,

where the unknowns are the two-dimensional vector field u and the scalar functions, w and
W, the vorticity and stream function, respectively. Moreover, v and - are given positive
constants, and g € L%er(Q) is a given forcing scalar function. From (f) one can easily see
that

V-u=0 and VXu=w.

(a) Consider the following Galerkin approximation scheme for system ():

— vAwy, + ywm + F’m((um -V)wm) = Pnyg,

ov,, o0v,,
um:(aiyvf Oz )v (]LT)

_A\I]m:wma

where wy,, ¥, € I:Im and u,, € H,, .
(i) Show that for every m = 1,2, ... all the solutions of ({t) satisfy
I VemlZs 7 loml3, < B2,

for some constant Ry > 0, which does not depend on m, but depends on
llgllj= and ~ . Moreover, show that
per

v Bwmls Y Vomlls < B3,
for some constant Ry > 0, which does not depend on m, but depends on
lgll 2, »7>v and p .
(ii) Prove that for every m = 1,2,... the nonlinear system (ff) has a solution
Wm, Y € Hy, and u,y, € Hy, .
[Hint: You may want to consider the map F,, : fIm — ﬁm defined by

F(w) = —w+ (—vA)~! (—7w — ]Sm((v -V)w) + pmg) ,
where v = (%—f, —g—f) € H,, and —A® = w € H,,, and show, by quoting a
lemma based on the Brouwer fixed point theorem, or otherwise, that there is
w* € Hy, such that F,,(w*) =0].

[QUESTION CONTINUES ON THE NEXT PAGE]
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(b) (i) Use part (a) to show that there exists w € H2

per(Q), with

2 2
v ||A°"”Lgcr Y ||VWHL'5Cr <R3,

v e Héer(Q) and u € Hg’er(ﬂ) () H which satisfy () in a weak sense and in
the appropriate spaces, and in particular that the first equation of (1) holds
in L2..(Q).

(ii) Moreover, show that the solution established in (i) satisfies the following
equality in Lger(Q)

u-Vw =V " (uw).

(c) Suppose now that g € I'ngr(Q). Demonstrate that the solution established in (b) to
system (1) satisfies

Ywlzee, <9l g, -

[Hint: You may want to consider multiplying equation (1) by w?*!, where p is an

arbitrary positive integer, and integrate over {2 to establish an appropriate bound
for 7 [|wl| j2p+2 , and then take the limit as p — oc].
per

(d) Suppose again that g € L.ggr(ﬂ). Consider the vorticity formulation of the

two-dimensional steady-state damped-driven Euler’s equations, subject to periodic
boundary condition with fundamental domain §2,

ov v
= V0 = (—, ———
— AV =w
Show that (f) has a weak solution w € I'/goer(ﬂ), u € Héer(ﬂ) (N H and ¥ € ngr(ﬂ) ;
moreover that the first equation in (I) holds in nglr(Q) , the dual of Hrl)er(Q) :

[Hint: You may want to consider the limit as v — 0 of the solutions to equation (t)
established in parts (a)-(c)].

END OF PAPER
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