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(a) Let A be a closed and densely defined operator on H. Show that if there exists
z ∈ C\Sp(A) such that (A − zI)−1 is compact, then (A − wI)−1 is compact for
every w ∈ C\Sp(A). In this case, we say that A has compact resolvent. Show that
if A has compact resolvent, then its spectrum consists of isolated points that are
eigenvalues.

(b) The imaginary Airy operator is defined as

T = − d2

dx2
+ ix, D(T ) = {f ∈ L2(R) : −f ′′ + ixf ∈ L2(R)}.

Alternatively, T is the closure of − d2

dx2 + ix initially defined on smooth functions of
compact support. Use integration by parts to show that

D(T ) = {f ∈ H2(R) : xf ∈ L2(R)},

where H2(R) is the Sobolev space of elements of L2(R) that have weak first and
second derivatives in L2(R). Rellich’s criterion implies that

{f ∈ L2(R) : ∥f∥ ⩽ C, ∥xf∥ ⩽ C, ∥f ′′∥ ⩽ C}

is a compact subset of L2(R) for each C > 0. Using this result, prove that T
has compact resolvent and hence that its spectrum can only consist of isolated
eigenvalues. Show, however, that ∥(T − zI)−1∥−1 is constant along every vertical
line in the complex plane. Conclude that Sp(T ) = ∅.

(c) Provide an example of a differential operator on L2(R2) with empty spectrum whose
resolvent is not compact.
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2 The numerical range of A is

W (A) = {⟨Ax, x⟩ : x ∈ D(A), ∥x∥ = 1} .

The essential numerical range of A is

We(A) =
⋂

B compact

Cl (W (A+B)) .

It represents the portion of the numerical range that remains stable under compact
perturbations of the operator, and it can be empty if A is unbounded. In this question
you may use the following equivalent definition of We(A):

We(A) =
{
λ ∈ C : ∃{vn}∞n=1 ⊂ D(A), ∥vn∥ = 1, vn

w−→ 0, lim
n→∞

⟨Avn, vn⟩ = λ
}
,

where vn
w−→ 0 means that vn converges weakly to zero.

(a) Let A be a bounded operator on a separable Hilbert space H. Suppose that {Pn}
is a sequence of orthogonal projections onto finite-dimensional subspaces such that
P∗
nPn converges strongly to the identity, and such that λn ∈ Sp(PnAP∗

n) have
λn → λ /∈ Sp(A). Show that λ ∈We(A).

(b) Let A ∈ Ωℓ2(N) and Qn be the orthogonal projection onto (span{e1, . . . , en})⊥ =
Cl(span{en+1, en+2, . . .}). Show that if We(A) ̸= ∅, then Cl(W (QnAQ∗

n)) ↓ We(A)
in the Attouch–Wets topology as n → ∞. Show that if We(A) = ∅, then for each
compact set K, K ∩ Cl(W (QnAQ∗

n)) = ∅ for sufficiently large n.

[QUESTION CONTINUES ON THE NEXT PAGE]
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(c) Consider the non-self-adjoint (NSA) harmonic oscillator,

T = − d2

dx2
+ ix2,

Recall the Hermite functions {ψm}∞m=0 from lectures defined by

ψm(x) =
1√

2mm!
√
π
e−x2/2Hm(x), m ∈ Z⩾0,

which satisfy

ψ′
m(x) =

√
m

2
ψm−1(x)−

√
m+ 1

2
ψm+1(x),

xψm(x) =

√
m

2
ψm−1(x) +

√
m+ 1

2
ψm+1(x),

for m ∈ N. Let Qn be the orthogonal projection onto (span{ψ0, . . . , ψn})⊥ and
f =

∑∞
m=n+1 cmψm be of Schwartz class and in the range of Qn with ∥f∥2L2(R) =∑∞

m=n+1 |cm|2 = 1. Show that

⟨Tf, f⟩ = (i− 1)∥xf∥2L2(R) +

∞∑

m=n+1

(2m+ 1)|cm|2.

Using this relation, show that if |z| ⩽ n, then z ̸∈ W (QnTQ∗
n). Conclude that

We(T ) = ∅.
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(a) State the spectral theorem for normal operators on separable Hilbert spaces.

(b) Let A be a self-adjoint operator on H. Prove that for a, b ∈ R with a < b and v ∈ H,

lim
ϵ↓0

(
1

2πi

∫ b

a
(A− (x+ iϵ)I)−1 − (A− (x− iϵ)I)−1 dx

)
v =

1

2

[
E((a, b))+E([a, b])

]
v.

(c) Consider the operator

[Au](x) = (x3 − x)u(x), u ∈ L2([−1, 1]).

Given f, g ∈ L2([−1, 1]), define the scalar-valued spectral measure with respect to
f and g:

µf,g(S) = ⟨E(S)f, g⟩.
Show that this measure is absolutely continuous and find its Radon–Nikodym
derivative.

END OF PAPER
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