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1 Let (M, g) be a globally hyperbolic spacetime with Levi-Civita connextion '3, and
Riemann tensor
A A A A A
R auf — 8MFQ5 - (%Fau + Pgﬁr,{# - FSHFHB .

In adapted coordinates (¢, z?), the metric Jap is related to the lapse function «, shift vector
B' and the spatial metric 7;; of the 341 split by

( —a? + BB* B ) o ( —a? ap )
JoB = , g = —9 mi .. 9 mioi .
Bi Vij a =Bt A —a B

Here Greek indices range from 0 to 3 and Latin indices from 1 to 3. The determinants
of the spacetime metric g = det g,3 and the spatial metric v = det~;; are related by
g = —a?y. They satisfy 9g/0gap = gg®? and 07v/0vi; = ¥¥9. A spacetime coordinate
system z* is called harmonic if it satisfies the equation

VAV, =0, (1)

where the z* are treated as scalar functions in the covariant derivative.
(a) Briefly comment on whether Eq. (1) is a tensorial equation or not.

(b) Show that Eq. () can be formulated in the two equivalent forms
9Ty, =0 & O (\/ —g gA") =0. (1)

(c) In adapted coordinates the 3+1 evolution equation for the spatial metric v;; is
iz = B Omij + 29mi0) 8" — 2aKj
where K;; is the extrinsic curvature. Show that this implies
Oy = B" Oy + 2790, 8" — 207K,

where K := 7Y K;; is the trace of the extrinsic curvature.

(d) Harmonic slicing is defined by imposing Eq. (f) for A\ = 0 only. Using the second
relation of Eq. (1), show that harmonic slicing belongs to the Bona-Massé family of slicing
conditions,

(0 — BMOm)a = -’ f(a)K,
for a specific choice of the function f(«) which you should determine.

(e) Show that in harmonic gauge, i.e. Eq. () required for all A € {0, 1, 2, 3}, the
vacuum Einstein equations R,3 = 0 can be written in the form

1
Raﬁ = —59“"8u&,gag +...=0,
where the dots denote terms (which need not be evaluated explicitly) containing at most

first derivatives of the metric components. Briefly interpret the principal part of this
equation.
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2 The Bondi metric in coordinates z* = (u,r,0,¢) for an axisymmetric spacetime
that is invariant under azimuthal reflections ¢ — —¢ is given by

—%ew + 2022 —e26 _p2Ue?y 0

—e?B 0 0 0

Juwr = —r2Ue? 0 r2e2y 0
0 0 0 r2e~27 sin% @

Here, v, 5, U and V are functions of (u,r,#). The Einstein equations impose the following
relations on these functions,

1
a?“ﬁ = 57"(67“7)27 (T)
O, 7~462<7*5>5)TU} =272 [aragﬁ — 0,097y + 2(8,7)3gy — 2 cot 0 &,y — 3895 NG
T

For an asymptotically flat spacetime with no incoming gravitational radiation, the
behaviour of the function « in the limit » — oo is given in terms of the news function ¢ by

c(u, 0)

V(u,,0) = +0(r7?). (*)

(a) By inserting Eq. (*) into Egs. () and (1), determine the asymptotic behaviour
of f and U as r — oo to leading order in 1/r. In both cases, state the leading-order
coefficient explicitly in terms of ¢, its derivatives and functions of integration you may
encounter.

(b) Show that  Jyc = —2 lim [r~!(sin 0) 20ug4s] -

r—00

(c¢) The outcome of two black holes colliding near the speed of light can be described
in coordinates #* = (i, ¥, %, ) by the metric

0  —k2 0 0
—Kk2 KM KALB k\LB
Jai . s : (8)
S ) RAIB K2+ rASEE —26)YE
0 wAB  —20HE K+ /-@Af2ﬁ;@2 E

Here p = /22 + 42, k and \ are positive constants, and A, B and E are functions of

(t, p). The coordinates % are related to Bondi coordinates (u,r, 6, ¢) by

. 1 N 1 U S .

@ =——(u+r—rcosf), v=——(utr+rcosf), = —sinfh cos¢, §= —sinf sing.
K K

2K \/§/<c

Show that the Bondi news function of the metric (§) is given by

Oyc = p lim (r10,E),
r—00
where p and ¢ are constants you should determine.
[Hint: You do not need to compute all components of the metric (§) in Bondi coordin-

ates.]
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3 Consider a four-dimensional spacetime (M, gog) whose matter content is described
by a complex-valued scalar field ¢ = pgr + ip1 with energy momentum tensor

Top = % {(Va®)(Vs9) + (V50)(Vap) = gap [ (Vup) (Vo) + V(I0IH)]} . (1)

Here an overbar denotes the complex conjugate and the potential function V' depends only
on the squared amplitude |¢|?> = @y of the scalar field. Inserting Eq. (1) into the matter
equation V,TH* = 0 yields a wave equation for the scalar field,

dVv
ViV, o =V'e, where V' = :
: dfep?

The Noether current J# associated with the scalar field is
7
T = 59" (P0vp — 0,0

In the following, you may assume that the spacetime is globally hyperbolic and
admits a 341 foliation with future pointing timelike unit normal n*, acceleration vector
a, = nPV,n, and extrinsic curvature K,, = —1°,V,n, where 17, = 6, + nn,. In
coordinates z# = (t,2%) adapted to the 3+1 split, the spacetime metric g, is related to
the lapse «, shift vector 3% and spatial metric ~;; by

ds? = gdat da” = —a?dt? + v;;(da’ + B'dt)(da? + fdt) .

Here Latin indices range from 1 to 3 and Greek indices from 0 to 3.
(a) Show that V,n, = =K, — nua,.

(b) Show that a, = Dga, where D,, is the spatial covariant derivative [Hint: The
components of the unit normal vector are n, = —a'V ,t.]

(c) Let I = Iy + Il := —3n*d,¢ denote the momentum of the scalar field and
Q = —n,J* the Noether charge density. Express () in terms of the real and imaginary
parts of ¢ and II, and show that @) is real valued.

(d) The spatial Noether current is defined by Q< := (6%, + n“n,)J*. Show that
(e) Show that the Noether current is conserved, i.e. V,J* = 0.

(f) Show that the conservation law V,J* = 0 can be written as

nV,Q = a1 KQ + c2D, Q" + c3Q,a” (1)

where cq, ¢z and c3 are constants you should determine, and K = K, *.

(g) Using adapted coordinates (t,x%) and n* = (1,—8%)/a, rewrite Eq. (1) in the
form 0;Q = ... where you should determine the right-hand side in terms of o, ¢, K, Q,
Q' and their derivatives.
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