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(a) Define a conformal transformation on flat d—dimensional Euclidean space. Derive
the condition that an infinitesimal coordinate transformation

B =2+ 5 (2) + O(82)

must satisfy in order to be conformal.

(b) Consider a scalar primary operator O(x) of scaling dimension A in a
d-dimensional Euclidean CFT.

(i) Using conformal invariance, show that the two-point function of O is fixed
(up to an overall normalisation).

(ii) Derive the form of the 3-point function of three scalar primary operators
O; with scaling dimensions A;.

(iii) Assume that the CFT is holographic, and that the scalar operator(s) O are
single-trace. Sketch Witten diagrams contributing to the two- and three-
point functions described above.

(c) Let O be a scalar primary of dimension A in a d-dimensional CFT. Consider
the operator product expansion (OPE)

c C
O(z) O(0) ~ apE |§|OAO O00) + - --

Using your results from part (b) for the two- and three-point functions:

(i) Show that inserting this OPE into the three-point function (O(z)O(0)O(y))
correctly reproduces the form fixed by conformal invariance when |z| < |y].

(ii) Hence determine the proportionality relation between Cooo and the nor-
malisation constants appearing in your two- and three-point functions.
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Consider the four—dimensional Einstein—Maxwell action with a negative cosmolo-
gical constant

1
S = A= (R—QA—FaF“b)
oG [ dav=g ). (4
where F' = dA and G is Newton’s constant.

(a) Derive the equations of motion obtained from the action (x). You may ignore
all boundary terms in this calculation.

(b) A planar charged AdS black hole solution to these equations is

ds? = —f(r)dt® + ;1(:2) + r2(dz? + dy?) A= <2 — ?) dt, (1)
with > oM @
0 ==+

where Q and M > 0 are the charge and mass parameters of the black hole, L is the AdS
length scale, and the event horizon is given by the largest real zero of f(r), r = rj.

Perform the coordinate transformations

r L? L L
r=-—", t=—"7 z=-—X, y=—Y,
z T+ T+ 7"+

and define Q@ = r3p/L. Show that in the new coordinates the solution (f) depends
nontrivially only on the dimensionless parameter .

(c) Rewrite the metric and gauge field () in Fefferman-Graham coordinates
(Z,7,X,Y) and expand them up to O(Z?). Using the holographic dictionary, interpret
the physical meaning of the parameter p in the dual CFT.

(d) Consider now the coordinate transformation
T=Tcoshf+ Wsinhf and X =Tsinhg+ W coshpf.

Explain the physical meaning of this transformation and compute the CFT current induced
by it.

(e) Determine the D.C. conductivity associated with this system. Is your result
physically reasonable? Justify your answer.
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