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1 The Legendre polynomial P, (u) for positive integer n can be represented by
1 (22 —1)"
Po(p) = o+l /C (z — g+ dz

where C' is a simple closed contour enclosing the point x and z = 1, but not the point
z = —1, in the anticlockwise sense.

Use the method of steepest descents to calculate the leading order term in the
asymptotic expansion of P, (u) as n — +oo for the cases;

1. w=cosh, 0 € (0,7/2)

2. p=-cosh§, £ €R

You may use the following without proof:

d 2?2 —2cosf +1
dz \ (22 = 1)(z — cos9)

= —ie Wesch

z=et0

o0 2
/ e Vdt =1

—0o0
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The function f(r) satisfies the equation

3 )
fr,«—i—Q—rfT—i—eff,«:O in r>1

where € > 0 is a constant.

f(r) is subject to the conditions

f=0 at r=1 and f—1 as r— .

Use the method of matched asymptotic expansions to solve the above equation.

Your solution should include;

1. A four-term asymptotic expansion for f(r) as e — 0 for r = O(1).
2. A three-term asymptotic expansion for F'(p) = f(er) as e = 0, for p = er = O(1).

3. Matching these two expansions using any matching method.

You may use the fact that the general solution y(z) with y — 0 as z — oo of
o
(x3/261'yl)/ _ E3/2(IE) _ / t—3/2€—tdt
x

is y(z) = BE3/s(x) + Y (), where Y() is a known function that you do not need to find
this function explicitly, and B is an arbitrary constant.

You may also use without proof that as x — 0 the function y(z) = BE3/(7) +Y ()
has the following asymptotic expansion;

Y= B(2x*1/2 —oym+ 2,1/2 4 O(x3/2)) + (4log(z) + C + O(xl/Z)).

Here C' is a known numerical constant you may use in your solution (you do not need to
find C explicitly).
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Consider the coupled differential equations defined for ¢t > 0

d*v 9 d

ﬁ%—w ’U:26£[(1—Z)U]
dz
7=
Tdt + v

with w, 7, and € constants, with 0 < ¢ < 1, and w and 7 are O(1).

Use the method of multiple scales to calculate the complete form of the leading-
order term in the real asymptotic solutions for v and Z, correct up to times t = O(e~1).

You are encouraged to use the form A(T)e™! for your solutions.

You are encouraged to relabel complex constants into a manageable form, for

example;
3+ 4wt .
1+ 2iwr a+ip
27 — 2iwT?
1 — 2iw
where «, 3,7,0 € R do not need to be explicitly derived, and may be used in your final
solution.

=v+1id
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