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(a) Define the space of Schwartz functions S(R™) and the space of tempered distributions
S'(R™), defining the standard notion of convergence on each.

(b) Prove a linear form u : S(R™) — C belongs to S'(R™) iff it is sequentially continuous.

(c¢) Let {fa} € C(R™) be of polynomial growth, i.e. for each « there exists constants
Cq, M, = 0 such that

[fa(@)] < Ca (14 |z])M= .
Show that for each N >0, 3, <y D“fa € S'(R™).

(d) Show that every tempered distribution with compact support can be written as a
finite sum of derivatives of bounded, continuous functions.

(e) Define u € C*°(R) by
u(z) = exp (z% +1iexp (z)).

Does this function define an element of S'(R)? Justify your answer.

(a) Let P: C"™ — C be non-zero polynomial of order N. Give an explicit construction of
an FE € D'(R™) for which
P(D)E = .

(b) Suppose now that P(\) = Pi(\1) -+ Pn(\,) with deg(F;) > 1 for each i. Show that
there is a fundamental solution of the form

(21, .., 20) — ITjo X2y i(@)e®a®, ay,... xq >0
o 0, otherwise

where a;;(z) are complex polynomials and f3;; are complex numbers.

(c¢) Using your result in (b), show that a fundamental solution for the operator
P(D) =DiD3+D? - Dj —1

is given by F(z1,x2) = sin(x1) sinh(z2) on z1,x2 > 0 and zero elsewhere.
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(a) What does it mean to say that P(D) is elliptic? Show that if P(D) is Nth order
elliptic then |P(A)] = (A for |A| sufficiently large.

(b) Define a parametriz of P(D) and construct such a parametrix when P(D) is elliptic.

(c) Let X C R™ be open. Let Q(x, D) be an Mth order partial differential operator with
smooth coefficients such that for |A\| > R and for each compact K C X we have

inf |Q(z, V)] 2k (MM

The remaining part of the question explores the construction of a parametrix for Q.
(i) Define the space of symbols Sym(X,R"™; N). If ¢; € Sym(X,R™;N;), i = 1,2
establish the following
(I) DgDYei € Sym(X,R™ N; - |3]),
(IT) c1co € Sym(X,R™; N1 + Na),
(ITI) ¢1 + 2 € Sym(X, R™; max{ Ny, Na}).

(ii) Let a € C®(X x R"), a(z,A) = 0 on |A] < R and a(z,A\) = 1/Q(z,\) for
|A| > R+ 1. Show that this defines a symbol and specify its order, Ng.

(iii) The distribution A; € D'(X) is defined by the oscillatory integral

_ ! Ny (x
A () = (%)n/ () dA,

where a1 = a € Sym(X,R"; Ng). Show that

1
(2m)"

(iv) Show that Q(z, A+ Dz)ar = 37 < i DS Q(2z, A)Dgar(z, A)/a! and deduce

Q(z, D)A(z) = /ei”Q(m, A+ Dy)ay(x, \) d.

Q(z, A+ Dy)ai(x,\) =1 —bi(z, ),

where b; € Sym(X,R";—1) .
v) Find a correction as € Sym(X, R"™; Ng — 1) so that
Q

Q(z, A+ Dy) [ar(z, A) + az(z, \)] =1 — ba(x, N),

where by € Sym(X,R"; —2).
(vi) Deduce that there exists an oscillatory integral A; +---+ Ay € D'(X) such that

Q(x,D)(Ar +---+ An) = 0o — By,

where By € C(X) for N sufficiently large.
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