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(a) Define the space of Schwartz functions S(Rn) and the space of tempered distributions
S ′(Rn), defining the standard notion of convergence on each.

(b) Prove a linear form u : S(Rn) → C belongs to S ′(Rn) iff it is sequentially continuous.

(c) Let {fα} ⊂ C(Rn) be of polynomial growth, i.e. for each α there exists constants
Cα,Mα ⩾ 0 such that

|fα(x)| ⩽ Cα (1 + |x|)Mα .

Show that for each N ⩾ 0,
∑

|α|⩽N Dαfα ∈ S ′(Rn).

(d) Show that every tempered distribution with compact support can be written as a
finite sum of derivatives of bounded, continuous functions.

(e) Define u ∈ C∞(R) by
u(x) = exp

(
x2 + i exp

(
x4

))
.

Does this function define an element of S ′(R)? Justify your answer.

2

(a) Let P : Cn → C be non-zero polynomial of order N . Give an explicit construction of
an E ∈ D′(Rn) for which

P (D)E = δ0.

(b) Suppose now that P (λ) = P1(λ1) · · ·Pn(λn) with deg(Pi) > 1 for each i. Show that
there is a fundamental solution of the form

(x1, . . . , xn) 7→
{∏n

j=1

∑Nj

i=1 αij(x)e
βijxj , x1, . . . , xn > 0

0, otherwise

where αij(x) are complex polynomials and βij are complex numbers.

(c) Using your result in (b), show that a fundamental solution for the operator

P (D) = D2
1D

2
2 +D2

1 −D2
2 − 1

is given by E(x1, x2) = sin(x1) sinh(x2) on x1, x2 > 0 and zero elsewhere.
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(a) What does it mean to say that P (D) is elliptic? Show that if P (D) is Nth order
elliptic then |P (λ)| ≳ ⟨λ⟩N for |λ| sufficiently large.

(b) Define a parametrix of P (D) and construct such a parametrix when P (D) is elliptic.

(c) Let X ⊂ Rn be open. Let Q(x,D) be an Mth order partial differential operator with
smooth coefficients such that for |λ| > R and for each compact K ⊂ X we have

inf
x∈K

|Q(x, λ)| ≳K ⟨λ⟩M .

The remaining part of the question explores the construction of a parametrix for Q.

(i) Define the space of symbols Sym(X,Rn;N). If ci ∈ Sym(X,Rn;Ni), i = 1, 2
establish the following

(I) Dα
xD

β
λci ∈ Sym(X,Rn;Ni − |β|),

(II) c1c2 ∈ Sym(X,Rn;N1 +N2),

(III) c1 + c2 ∈ Sym(X,Rn; max{N1, N2}).
(ii) Let a ∈ C∞(X × Rn), a(x, λ) = 0 on |λ| < R and a(x, λ) = 1/Q(x, λ) for

|λ| > R+ 1. Show that this defines a symbol and specify its order, NQ.

(iii) The distribution A1 ∈ D′(X) is defined by the oscillatory integral

A1(x) =
1

(2π)n

∫
eiλ·xa1(x, λ) dλ,

where a1 = a ∈ Sym(X,Rn;NQ). Show that

Q(x,D)A1(x) =
1

(2π)n

∫
eiλ·xQ(x, λ+Dx)a1(x, λ) dλ.

(iv) Show that Q(x, λ+Dx)a1 =
∑

|α|⩽M Dα
λQ(x, λ)Dα

xa1(x, λ)/α! and deduce

Q(x, λ+Dx)a1(x, λ) = 1− b1(x, λ),

where b1 ∈ Sym(X,Rn;−1) .

(v) Find a correction a2 ∈ Sym(X,Rn;NQ − 1) so that

Q(x, λ+Dx) [a1(x, λ) + a2(x, λ)] = 1− b2(x, λ),

where b2 ∈ Sym(X,Rn;−2).

(vi) Deduce that there exists an oscillatory integral A1+ · · ·+AN ∈ D′(X) such that

Q(x,D)(A1 + · · ·+AN ) = δ0 −BN ,

where BN ∈ C(X) for N sufficiently large.
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