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1 Describe what is meant by a polytrope with polytropic index n. The dimensionless
radial variable £ is such that the radius r» = «&, with o = const, and the dimensionless
variable 6 is such that the density p is related to the central density p. by p = p.0"™. Derive
the Lane-Emden equation

1d (,d0\ .
e (€5¢) =

giving a explicitly.

What are the appropriate boundary conditions when the polytrope represents a
star? Deduce that the mass inside the sphere of radius r is given by

m = —47Tpca3§2§?

Show that when n = 5 there is a solution to the Lane—Emden equation of the form

0= (1+ 567,
where [ and v are constants which you should identify.
Find the mass, in terms of p. and «, and mean density of the star in this case.

Suppose such a polytrope represents the core of a star burning hydrogen by the
CNO-cycle in which the central temperature is 7., the equation of state is that of a
perfect gas and the energy generation rate per unit mass is given by € = ¢gpT'!. Deduce
that the total luminosity of the burning core is

L = Aega® 2T

and estimate the order of magnitude of the dimensionless constant A.
Why is this unlikely to be a good model in practice?

[You may find a substitution x = sinh@ wuseful and you may use the fact that
01 u?(1 — u?)™du = m!(m + 1)122mFL/(2m + 3)! when m is an integer.]
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2 At a given temperature T' the nuclear energy generation rate per unit mass in a
stellar interior may be approximated by

€= fOPaTb>

where p is the density and ¢y is a constant. Describe briefly the physical origin of the
powers a and b and state them at 7' ~ 2 x 10" K for (i) the pp-chain and (ii) the CNO
cycle.

A star is in hydrostatic equilibrium and behaves locally as a perfect gas. Show that
close to the centre of the star at radius r

T(r) = Te[1 — ar? + O(r*)]
and
p(r) = pell = Br® + O(r")],
where T, and p. are the central temperature and density and « > 0 and 8 > 0.

Explain briefly why nuclear burning is typically strongly concentrated toward the
centre of the star.

Show that the luminosity generated inside a small radius r behaves as
L(r)ocr® (1—ar? + 1)

and determine ~ in terms of a, b, «, and .

Let the characteristic burning radius 7, be the radius of the shell of thickness dr
in which the nuclear energy generation reaches a maximum. Estimate how 7y, scales
with the temperature exponent b and the ratio of the sizes of the cores of stars burning
hydrogen by the CNO cycle to those dominated by the pp-chain.

Use mass conservation and hydrostatic equilibrium to show that the pressure near
the centre of the star obeys

P(r)=PFP. — %Wpr 2 +O0(rh).

For a perfect gas with uniform mean molecular weight p the pressure P is given by

RT
p=1=
7
where R is the gas constant. Deduce that
3 27b Gpep
=—|(2-b — .
v=5 @A 5o
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3 Explain what is meant by homologous stellar models.

From the equations of stellar structure show that for two homologous stars composed
of material of the same chemical composition that obeys a perfect gas law equation of state
then their central density, pressure and temperature scale as power laws in the stellar mass
M and radius R.

Assume a star on the zero-age main sequence is in radiative equilibrium, with opacity
k= kop®T?,

where p is the density and T' the temperature, with g, @ and b constants, and that its
nuclear energy generation rate may be approximated by

€= eopT",
where ¢y and n are constants. Derive how the luminosity L scales with mass M in terms
of n, a and b.

What does this mean for the mass—luminosity relation and the lifetime of massive
stars?

Consider a sequence of stars of increasing mass for which radiation pressure becomes
non-negligible. Why must the slope of the mass—luminosity relation eventually flatten and
what is the upper limit in terms of the mass of the star and its opacity? What does this
mean for stellar lifetimes?

A star evolves quasi-statically while remaining approximately homologous during
a phase of core hydrogen burning. Explain why the mean molecular weight in the core
increases with time and indicate qualitatively how the star’s radius and luminosity evolve.

Explain why homology eventually fails as the star leaves the main sequence.
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4 A binary system consists of a star of mass M; and radius Ry orbiting a companion
of mass My in a circular orbit of separation a. Show that the orbital angular momentum

of the binary may be written as
J =puvGMa,

where M = M; + My and p = M;My/M is the reduced mass and G is Newton’s
gravitational constant.

Hence show that

For conservative mass transfer from star 1 to star 2, neglecting the spin angular
momentum of the stars, show that the orbital separation evolves according to

a . 1 1

—=2M; | — —— .

a ! < My M, )
Hence show that conservative mass transfer causes the orbit to widen when M; < Ms, but
shrink when My > M.

The Roche-lobe radius of star 1 may be approximated by

Ry, ¢*3 M
— =049 , q=—".
a 0.6¢2/3 + In(1 + ¢/3) My

Show that, for small fractional changes,

dinRy,  dlna
dln M;  dln M,

+ (1 +q)f(q),

giving f(q) explicitly.

Suppose that on timescales short compared to its evolutionary timescale the donor
star responds to mass loss according to

Ry oc M, n > 0.
Show that mass transfer is dynamically stable if

1 < Mrit (Q)a

and find neic(¢) in terms of ¢ and f(q).

Argue that mass transfer is always dynamically unstable when the donor star is
more massive and explain briefly what physical outcome is expected in that case.

END OF PAPER
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