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1 Let (A, ¢) be an abelian gauge potential and a complex scalar field on a surface 3
with a Riemannian metric

g=Qdzdz, Q =z 2).

(a) Assume that ¥ = R? and g is flat with Q = 1.

Define the Landau—Ginsburg energy functional, and show that the Derrick scalling
argument allows the existence of solitons for this functional.

Define the vortex number N and show how it is related to the fR2 F where ' = dA.

(b) Going back to general €2, the Bogomolny equations are

1
Dz¢=0, B=30(1- 9%

where Dz = (D, +iD,) and F = Bdz A dy with z = z + iy.

(i) Derive the Taubes equation for a scalar function u on ¥ such that e = |¢|%.

(ii) Assume that Q = 1. State the boundary conditions satisfied by w if the Higgs
field vanishes at one point to order N in R? and show that |¢| < 1.

(iii) Assume that X is a compact surface with a metric

(12

= ———— dzdz
I= A+

where a is a constant. Find a condition on a which is neccessary for the
existence of a 2—vortex solution.
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(a)

Let A be an su(2) valued one-form on RP.
Define the 2nd Chern form Cs, and show that Cy = dY, where

Y = L Te(AAdA+aA A AN A)
872

where « is a constant which should be determined.

Show that if g : RP — SU(2) and

1 1

A—gAg —dg-g

then X
Cy = Cy Y =Y +dT 4+ —Tr([dg-g ']
2= Cyy Y =YV +dl+ 55 Te([dg - g7 ")

where T is a two—form, which should be determined.

State the boundary conditions satisfied by a SU(2) Yang-Mills instanton on R*, and
express the instanton number by a topological degree of a gauge transformation at
infinity.
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3 Let G be a matrix Lie group with a Lie algebra g with generators T,,aa =1,...,n
which satisfy

[To. Tp) =Y oy
Y

(a) Define the Maurer—Cartan one-form p on G and show that

dp+pANp=0.
(b) Set p =5, 0“T, and show that

do” = Z fgﬂaa AoP
a7/3

for some constants f7,5 which should be determined.

(c) Now assume that G is a two—dimensional Lie group acting on R by z — e®z+b where
(a,b) € R?. Find a matrix representation of G' and construct the left—invariant one
forms o', 02 and the left-invariant vector fields on G.

(d) Consider a Riemannian metric on G given by

and demonstrate that the right—invariant vector fields on G generate one—parameter
groups of isometries of g. Does g admit a Killing vector which is not right—invariant?
[you are not required to find one, but you should give a yes or no answer with a
justification].
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