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(a) Consider a null geodesic congruence, with U the unit tangent vector with respect to
the affine parameter.

(i) Let By = VyU,. Explain why U?B,;, = BayU? = 0.

(ii) Let N® be another null vector field satisfying N> = 0, U - N = —1, and
U-VN® = 0. Use these to define a projector ;' which projects onto the 2-dimensional
transverse subspace (i.e. the space perpendicular to both U and N).

(iii) Let Bg = P2BSPY. Explain how to define the expansion 0, rotation &, and
shear G4, of the congruence in terms of By.

(b) Consider a null geodesic congruence containing the generators of a null hypersurface
N. Show that the null hypersurface A satisfies the Raychaudhuri equation:

do 0 .
J = —? — O'aba'ab — RabUan.
[You may assume that the rotation w,, vanishes because of the Frobenius theorem.|

(c) Assume the spacetime obeys the Einstein equation, with matter obeying the null energy
condition. Show that if 8 = 6y < 0 at a point p on a generator v of a null hypersurface,
then # — —oo within finite affine parameter distance 2/|60y|, provided that v extends this
far.

(d) At late times, and over large enough distance scales, our own universe appears to be
well-described by a flat expanding FLRW cosmology, with the metric

ds* = a(n)*[—dn? + dz* + dy* + dz7),

where a(n) is a monotonically increasing function of the “conformal time coordinate” 7.
Suppose that at early times our universe is not accurately described by this metric, but
nevertheless the complete spacetime (M, g) is a globally hyperbolic manifold with spatial
topology R3, satisfying Einstein’s equation and the null energy condition.

(i) Show that there exists an “anti-trapped” surface T'in (M, g), i.e. the time-reverse
of a trapped surface.

L avh
N

[You may use without proof 6 = where hg = P;Pbdgcd is the metric on the

2-dimensional transverse subspace.|

(ii) Argue that the universe is null-geodesically incomplete to the past. [You do not
need to provide the full details of a rigorous proof. But for each restriction on (M, g) that
is required for the conclusion to follow, your sketch of the argument should indicate how
it is used.]
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(a) Consider an eternal Schwarzschild black hole with mass M > 0. A spherically-
symmetric shell of (radially) infalling radiation, with total energy E > 0, is dropped
into the black hole from a sphere on past null infinity (Z7), at some advanced time v. The
shell of infalling radiation is nearly instantaneous (i.e. Av & 0), but its energy E is not
necessarily small compared to M. The shell eventually crosses the future horizon H* and
hits the final singularity.

(i) Sketch a Penrose diagram for (the conformal compactification of) the spacetime
described above. Indicate on your diagram the trajectory of the shell. Label the surfaces
7% and H* in your diagram (defined, in each case, with respect to the same asymptotically
flat region that the shell falls in from). In the same asymptotic region, label past and future
timelike infinity i*, and spacelike infinity °.

(ii) Let A be an affine parameter defined on the generators of H*, scaled so that
A = 0 where H™ intersects H—, and A\ = 1 at the moment the shell crosses HT. Determine
the intrinsic metric ds? on H*, using the coordinates (), 6, ¢), for both A > 1 and A < 1.

(iii) What is the allowed range of the A coordinate on H*? Explain your answer
physically.
[Hint: after solving (iii) you may wish to check the Penrose diagram you drew in part (i)

to make sure it is compatible with what you have shown here.]

(b) Suppose now that multiple shells of spherically-symmetric energy are dropped from
7~ into the horizon at different advanced times v. By considering the stress-tensor on the
horizon, show that when the total energy E of all the shells is small compared to M, the
physical-process version of the First Law of black hole mechanics AM = TAS is satisfied.
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(a) The Schwarzschild metric has the form

dr? 9 2M

—— +r2dQ? f(r)=1-"—.

f(r) r

Although the metric has a coordinate singularity at r = 2M, nevertheless for 0 < r < 2M,
this metric gives a valid description of either region II (inside the black hole horizon) or
region III (inside the white hole horizon), depending on the choice of time-orientation.
Assume we have selected the time-orientation appropriate to region II.

ds* = — f(r)dt* +

In this region only, answer the following:

(i) Identify four linearly independent Killing vectors for the metric. Show that all
Killing vectors in the region are spacelike.

(ii) Show that every future-directed timelike curve (starting from a point p in the
region) has monotonically decreasing r. Show that it intersects the singularity at » = 0
within a proper time 7 less than 7M.

(b) In a 141 dimensional Minkowski spacetime with no gravity, with the usual coordinates
ds® = —dt? + dx?, the matter stress-tensor at a point p takes the form

a b
Tw,:<b )

Write down conditions on a, b, ¢ for this stress-energy tensor to satisfy:
(i) the null energy condition (NEC);
(ii) the dominant energy condition (DEC);
(iii) the weak energy condition (WEC), in the case where ¢ > a.

(c) Consider a massless real scalar field ® on a globally hyperbolic spacetime (M, g) with
the action:

S = —/ d*x\/=g 0, DO D.
M

(i) Using a 341 decomposition of the spacetime, write down the canonical commut-
ation relations for the scalar field. Define the Klein-Gordon norm on the space of complex
solutions, and explain why it does not depend on the choice of foliation of (M, g).

(ii) Supposing that M is strictly stationary, explain how to uniquely define a vacuum
state. [You do not need to derive the commutation relations for a and af, but you do need
to say how these operators are defined.] Hence, construct the Fock space on M. Why
does this construction fail if M is not stationary?
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A rotating Kerr black hole may be described by the Boyer-Lindquist metric:

sin’6

ds® = ladt — (7‘2 + a2)d¢]2,

A 5
— 5 (dt = asin® dg)? + Zdﬁ + X do* +

where ¥ = r? 4+ a? cos?d and A = r? — 2Mr + a®. You may assume that the black hole is
subextremal with 0 < a < M.

(a) (i) What is a stationary black hole metric? What additional condition must it
satisfy to be static?

(ii) What is a stationary and axisymmetric black hole metric?
(iii) Show that the Kerr black hole is stationary and axisymmetric, but not static.

(b) Calculate the coordinate location of the ergoregion. Compare this to the location of
the event horizon. Briefly explain why this permits energy extraction from the Kerr black
hole.

(¢) In this part you will consider only geodesics which are confined to the north pole § = 0
at arbitrary values of (r,1).

(i) Find the pullback of the Boyer-Lindquist metric to the 141 dimensional surface
with # = 0, i.e. the metric intrinsic to the surface.

(ii) Write a differential equation for the tortoise (or Regge-Wheeler) coordinate 7.
Use this to rewrite the resulting metric in terms of a retarded time coordinate u, and
thereby give an analytic extension to the white hole region of Kerr.

(iii) What happens at » = 0, and what is the maximum range of the r coordinate?

(d) On an asymptotically flat hypersurface ¥ with asymptotically Cartesian coordinates,
the ADM energy Fapw is given by

1
EADM = ? lim dAni(ﬁjhij — (%hjj),

167 r—oo 52

where h;; is the metric on X, and repeated indices are summed. Calculate Eapy for the
Kerr black hole (in its rest frame), thus verifying that M may be interpreted as the mass
of the black hole.

END OF PAPER
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