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The following conventions apply to ALL questions

The motion of the bosonic string in D-dimensional Minkowski space is described by an
embedding map,

X : Σ → R1,D−1

which takes a point (σ, τ) on the string worldsheet Σ to a point Xµ(σ, τ) in space time.
We also introduce a dynamical metric gαβ(σ, τ) with Lorentzian signature on Σ. String
motion is governed by the Polyakov action,

SP = −T

2

∫

Σ
d2σ

√−ggαβ∂αX · ∂βX

where g denotes the determinant of the 2×2 matrix gαβ and, for any two LorentzD-vectors
X and Y , X · Y := ηµνX

µY ν . Here,

η = diag(−1,+1, . . . ,+1)

is the flat metric on R1,D−1.
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1

(a) Define the induced metric γαβ on the string worldsheet Σ. Write down the Nambu-
Goto action for the string. What is its geometric interpretation? Show that it is
equivalent to the Polyakov action.

(b) By applying the principle of least action directly to the Nambu-Goto action show
that the equation of motion for Xµ(σ, τ) takes the form,

∂α

(√
−detγ γαβ∂βX

µ
)

= 0.

(c) In the following we set X0 = t, X1 = x and X2 = y.

(i) Working in a static gauge where t = X0 = τ , find a solution of this equation
of motion corresponding to a circular loop of closed string in the x-y plane
with time dependent radius R(τ) and initial conditions, R(0) = R0, Ṙ(0) = 0.

(ii) Evaluate the induced metric γαβ on this solution.

[Hint: In this question you may use without proof the following result for the variation of
the determinant of a symmetric matrix A: δ(detA) = detATr(A−1δA)]

2

(a) Describe the residual gauge invariance of the conformal gauge Polyakov action.
Define the condition for lightcone gauge and show that it fixes this residual gauge
invariance.

(b) Describe the quantization of the closed string in lightcone gauge, giving a description
of string states in terms of creation and annihilation operators. You should explain
how any normal ordering ambiguity is resolved by imposing necessary conditions
for Lorentz invariance.

(c) Hence determine the mass spectrum of the closed string and find the total degener-
acy of the each of the first four levels in D spacetime dimensions.
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3

(a) By giving its transformation property under a finite conformal transformation,
explain what is meant by a primary operator O(z, z̄) of conformal weight (h, h̃) in a
two-dimensional conformal field theory. Give an alternative definition by stating the
singular terms in the operator product T (z)O(w, w̄) where T (z) is the holomorphic
stress-energy tensor.

(b) Now consider the theory of free scalar field X(z, z̄) with action,

S =
1

2π

∫
d2z ∂X∂̄X.

Derive a formula for the two-point function ⟨X(z, z̄)X(w, w̄)⟩. [You may use without
proof the relation ∂∂̄ log |z − w|2 = 2πδ(z − w, z̄ − w̄)]

(c) In the following, we define the operator,

Ok(z, z̄) = : exp (ikX(z, z̄)) :,

where k is a real parameter, : . . . : denotes normal ordering and the exponential is
defined via its Taylor expansion.

(i) By considering its OPE with holomorphic stress tensor T (z), show that
Ok(z, z̄) is a primary operator and determine its conformal weight.

(ii) Using Wick’s theorem and the Taylor expansion of exponential, compute the
correlation function,

Gk,−k := ⟨Ok(z, z̄)O−k(w, w̄)⟩.

By considering the behaviour of Gk,−k under a scaling transformation z → λz,
z̄ → λz̄, for some real number λ > 0, check whether your results for parts (i)
and (ii) are consistent with each other.
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4 The Polyakov path integral for the partition function of bosonic string theory has
the formal expression,

Z =

∫ DXDg

Vol[G] exp (−SP [X, g]) ,

where Vol[G] denotes the volume of the infinite-dimensional gauge group generated by
diffeomorphisms and Weyl transformations of the string worldsheet and SP [X, g] denotes
the Polyakov action.

(a) Explain in detail how you can eliminate the volume of the gauge orbit by introducing
anti-commuting ghost fields cα and bαβ on the string worldsheet to express the
partition function in the form,

Z =

∫
DX DcDb exp (−SP [X, g]− SGh[b, c, g]) ,

where you should give the action SGh for the ghost fields explicitly.

(b) Working in conformal gauge and in Euclidean signature on the worldsheet, evaluate
the two-point correlation function of ghost fields, ⟨bαβ(σ, τ)cδ(σ′, τ ′)⟩. You should
express your answer in complex worldsheet coordinates.
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