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(a) Consider a mean field theory with order parameter m and Z2-symmetric effective free
energy

F =
α2(T )

2
m2 +

α4(T )

4
m4 + . . .

(i) Assume that α2(T ) > 0 for T > Tc, α2(T ) has a simple zero at T = Tc and α4(T ) > 0.
Explain briefly how this model describes a second order phase transition at T = Tc and
compute the critical exponents α, β.

[Recall c ∼ |T − Tc|−α, m ∼ (Tc − T )β.]

(ii) Now consider a tricritical point where α2 and α4 are both positive for T > Tc, both

have a simple zero at T = Tc and the next term in F is α6(T )
6 m6 where α6(T ) > 0.

Determine the critical exponents α, β at this point.

(b) Consider a Landau-Ginzburg effective free energy containing only quadratic terms:

F =
1

2

∫
ddx

(
µ2ϕ2 + γ(∇ϕ)2 +

∑

n⩾2

δnϕ(−∇2)nϕ

)

where the parameters µ2, γ and δn depend analytically on T , µ2 > 0 for T > Tc, µ
2 has a

simple zero at T = Tc and γ > 0.

(i) Explain carefully how to calculate the partition function and hence show that fluctu-
ations in ϕ contribute a term to the thermodynamic free energy per unit volume Fthermo/V
of the form

−T
2

∫
ddk

(2π)d
log

(
πV T

K(T,k2)

)

with K(T,k2) = µ2(T ) + γ(T )k2 + (k2)2g(T,k2) for some function g(T,k2) to be
determined and the integral is over all k with |k| < Λ.

Henceforth you may assume g(T,k2) > 0 for all k and you need only consider T > Tc.

(ii) Show that fluctuations in ϕ make a contribution to the heat capacity per unit volume
c that includes a term of the form

∫
ddk

(2π)d
A(T,k2)

K(T,k2)2

where you should give an expression for A in terms of K and show that A is non-vanishing
at T = Tc, k = 0.

(iii) For the critical point of (a)(i) use the above result to determine the contribution of
quadratic fluctuations to the critical exponent α and hence determine the upper critical
dimension.

(iv) Do the same for the tricritical point of (a)(ii).
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(a) Explain briefly the three steps of the renormalization group procedure for a Landau-
Ginzburg theory defined by an effective free energy F [ϕ].

(b) Consider a theory with effective free energy F =
∫
ddx

(
1
2(∇ϕ)2 + 1

2µ
2ϕ2 + gϕ4

)
where

g ⩾ 0. Ignoring contributions from couplings other than µ2 and g, the β functions are

βµ2 = 2µ2 +
12Ωd−1

(2π)d
Λdg

Λ2 + µ2
+O(g2)

βg = (4− d)g − 36Ωd−1

(2π)d
Λdg2

(Λ2 + µ2)2
+O(g3)

where Ωn is the area of a n-dimensional unit sphere and Λ is the UV cut-off.

(i) Determine the scaling dimensions of operators at the gaussian fixed point, stating which
linear combinations of operators have these scaling dimensions.

(ii) Explain why the critical surface of the gaussian fixed point does not describe the Ising
universality class if d < 4.

(iii) Let d = 4 − ϵ with ϵ > 0 and define g̃ = Λd−4g. Assume ϵ is small. Show that there
is a Wilson-Fisher fixed point at

µ2⋆ = −Λ2

6
ϵ+O(ϵ2) g̃⋆ =

2π2

9
ϵ+O(ϵ2)

[You may use Ω3 = 2π2.]

(iv) Determine the scaling dimensions of couplings at the Wilson-Fisher fixed point, stating
which linear combinations of couplings these correspond to. State whether they are
relevant, irrelevant or marginal.

(c) Now include a term hϕ6 in F . Assume that initially µ2 = µ20, g = g0 and h = h0 where
g0 and h0 are small. Step 1 of the renormalization group procedure gives

µ′2 = µ20 + 12g0I1 +Ah0I
2
1 +O(g20) +O(g0h0) +O(h20)

g′ = g0 +Bh0I1 − 36g20I2 +O(g30) +O(g0h0) +O(h20)

h′ = h0 + Cg0h0I2 +O(h20) +O(g20h0) +O(g30)

where A,B,C are constants and

In =

∫ Λ

Λ/ζ

ddq

(2π)d(q2 + µ20)
n

(i) Draw the Feynman diagrams that contribute to A,B,C. [You don’t need to show
diagrams related by symmetries.]

(ii) Calculate A,B,C.

(iii) By considering the β function for h show that h = O(g3) at a fixed point. Deduce that
the result of (b)(iii) is unaffected by the inclusion of the ϕ6 term. [Lengthy calculations
are not required!]
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(a) In Landau-Ginzburg theory, consider the fixed point of the renormalization group flow
that describes the Ising universality class.

(i) Show that under a renormalization group transformation the rescaled field satisfies
ϕ′(x′) = ζ∆ϕϕ(x) for some ∆ϕ.

(ii) Show that ∆t = 1/ν where ∆t is the scaling dimension of the reduced temperature
t = (T − Tc)/Tc and ν is defined by ξ ∼ t−ν .

(iii) Show that the magnetic field B has scaling dimension ∆B = (d+2− η)/2. [You may
assume ∆ϕ = (d− 2 + η)/2.]

(iv) Use the definitions c ∼ t−α, ⟨ϕ⟩ ∼ tβ, χ ∼ t−γ , ⟨ϕ⟩ ∼ B1/δ to derive the scaling
relations

α = 2− dν β =
1

2
(d− 2 + η)ν γ = ν(2− η) δ =

d+ 2− η

d− 2 + η

(v) For d > 4 the correct value of δ is 3, which disagrees with the above expression.
Explain the reason for this disagreement and show that δ = 3 is consistent with scaling.
Why does this disagreement not occur for d < 4?

(b) A system in d spatial dimensions is described by two complex order parameters ψ1

and ψ2. The effective free energy is

F =

∫
ddx

[
γ(∇ψ⋆

1 · ∇ψ1 +∇ψ⋆
2 · ∇ψ2) + µ21|ψ1|2 + µ22|ψ2|2 + g(|ψ1|2 + |ψ2|2)2

]

where γ > 0 and g > 0. Use mean field theory to predict the phase diagram in the (µ21, µ
2
2)

plane, paying attention to any special lines in this diagram. What are the unbroken
symmetries in each phase? How many Goldstone bosons are present in each phase?
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