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1 Let Γ = (G,µ, κ) denote a locally finite weighted graph with symmetric weights
µ and killing measure κ. Let X = (Xn)n⩾0 denote the associated discrete-time random
walk, with canonical law Px when started from x ∈ G. For A ⊂ G, we define

HA = inf{n ⩾ 0 : Xn ∈ A},
H̃A = inf{n ⩾ 1 : Xn ∈ A},
LA = sup{n ⩾ 0 : Xn ∈ A},

with the conventions inf ∅ = +∞, sup ∅ = −∞.

(a) Assume that G = Zd, d ⩾ 3 with natural weights (i.e. µx,y = 1{|x−y|=1} and κx = 0,

for all x, y ∈ Zd). Let xk = 2ke where e = (1, 0, . . . , 0) ∈ Zd and consider

A = {xk : k = 0, 1, 2, . . . }.

Using a Borel-Cantelli argument, show that

P0(Xn ∈ A for infinitely many n) = 0.

Hint: consider the events {H{xk} <∞}.

(b) Assume that Γ is transient.

(i) Let A,B be finite subsets of G. Show that

µyPy(LB ⩽ H̃A, LB ⩾ 0) = PeB (XHA
= y,HA <∞), y ∈ A.

where eB(·) denotes the equilibrium measure of B and Pν =
∑

x ν(x)Px.

(ii) Deduce from (i) that A ⊂ B implies cap(A) ⩽ cap(B).

(iii) If A ̸= B is the inequality in (ii) strict? Justify your answer.
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2 Let Γ = (G,µ, κ) be a transient weighted graph, Px denote the law of the associated
random walk and E(·, ·) its Dirichlet form. Fix a reference point 0 ∈ G and let

hx = Px(τ <∞), x ∈ G,

where τ is the first time the random walk visits 0.

(a) Define the space H0.

(b) Prove that h ∈ H0. Hint: approximate h suitably.

(c) Express E(h, h) solely in terms of the Green’s function g(·, ·).

(d) Let φ = (φx)x∈G denote the Gaussian free field associated to Γ, with law P.
Determine the law of ψ = (ψx)x∈G under P, where

ψx = φx − hxφ0.

3 Let (Vx)x∈Zd and (Wx)x∈Zd be two independent families of i.i.d. N(0, 1) Gaussian
random variables. Define

Yx = Vx +
1

2d

∑

y∼x

Wy, x ∈ Zd,

where the sum ranges over the (2d) neighbors of x. Let ac = ac(d) denote the critical
threshold for percolation of the set {Y ⩾ a} = {x ∈ Zd : Yx ⩾ a}, as a ∈ R varies.

(a) For which x, x′ ∈ Zd are Yx and Yx′ independent? Justify your answer.

(b) Show that ac(d) <∞ for all d ⩾ 2.

(c) Let AR(a) denote the event that 0 is connected to distance R in {Y ⩾ a} and
θR = θR(a) its probability. Show that for all R ⩾ 1 and a ∈ R,

− d

da
θR ⩾

∑

x∈BR

E
[
Vx1AR(a)

]
.

(d) Deduce from (c) and the OSSS inequality that for some c = c(d) > 0,

− d

da
θR ⩾ c

θR(1− θR)
1
R

∑R
k=1 θk

, R ⩾ 1, a ∈ R.
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