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(a) State and prove the data processing inequalities for mutual information.

All random variables in the remainder of this question take values in finite subsets of Z.

(b) For any three independent random variables X, Y, Z, show that:

HXA+Y+Z)+HY)<HX +Y)+HY + 2).

(¢) For any two random variables X, Y, the Ruzsa distance dr(X,Y’) between X and

Y is defined as

dn(X,Y) = H(X' = Y') = JH(X') = SH(Y")

where X', Y’ have the same marginal distributions as X,Y, respectively, and X’
is independent of Y. Using only part (a) and basic properties of the entropy and
mutual information (but not the Ruzsa triangle inequality), show that, for any three
random variables X,Y, 7,

dr(X, Z) < dp(X,Y) + dg(Y, 2).

Show that dr(X,—-Y) < 3dr(X,Y) for any X,Y.

Show that for any pair of independent X, Y, the entropies of their sum and their
difference satisfy:

HX-Y)+H(X)+HY)<3H(X +Y).

Part III, Paper 22}



N UNIVERSITY OF
Y% CAMBRIDGE 3

(a) State and prove Stein’s lemma for hypothesis testing. Define all the terms you use
carefully.

(b) State without proof the Neyman-Pearson region and its equivalent form in terms of
relative entropy.

(c) Let Pfl’f denote the type of a string 7" with values in a finite alphabet A, and let P, Q
denote two distinct probability mass functions of full support on A. In a hypothesis
test between P and @, consider the decision region

B, = {} : D(Py||P) < o},
for 6 > 0. Show that the error probability egn) associated with B, satisfies
egn) < 2 nPO), for allm > 1,
and identify D(J) as an optimization problem in terms of relative entropy.

(d) Show that the error probability eén) associated with B, satisfies

1 n
lim sup — log e; ) < 0.
n

n—oo
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(a) State the log-sum inequality.
(b) State and prove the data processing property of relative entropy.

(¢) Let P,@Q be two probability mass functions on the same finite alphabet A. Show
that
D(P|Q) < (loge)x*(P|Q),

where the x? divergence between P and @ is defined as

(PIQ) =

z€EA

Let @ be a probability mass function of full support on a finite alphabet A, and g: A — R
an arbitrary function.

(d) Recall the notation D.(P||Q) = (log, 2)D(P||Q). Show that, for any pair of random
variables X, Y with probability mass functions P, on A, respectively,

log, E[e?™)] > E[g(X)] — De(P|Q).
(e) By identifying the maximizer explicitly, or otherwise, show that in fact

log, E[e?™)] = sup {Elg(X)] - De(P|Q)

where the supremum is over all random variables X on A.
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(a) Let X be a random variable on {0,1,2,...}, with mean u € [0,00). Show that

1) < (4 mh(),

where h(p) = —plogp — (1 — p)log(1 — p) denotes the binary entropy function.

Hint. You may find it useful to consider the random variable Y with probability

mass function @ given by Q(k) = (ﬁ)(ﬁ)k, for k > 0.

Let X be an arbitrary discrete random variable with values in a finite alphabet A.

(b) Let (C,L) be a one-to-one (not necessarily prefix-free) code. That is, C' is an
injective map from A to the set of all finite-length binary strings

{0,0,1,00,01, 10, 11,000, 001, ...},

including the empty string () of length zero.

Explain the existence of a code (C*, L*) with the property that the ith most likely
x € A has L*(x) = |logi].

(¢) Show that E[L*(X)] < H(X) and that H(X|L*(X)) < E[L*(X)].
(d) Using the results of the previous three parts, show that

E[L*(X)] > H(X) — log[H(X) + 1] — loge.

END OF PAPER
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