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1 Consider the following location estimators for the normal location model, i.e.,

xi
i.i.d.∼ N(θ, 1): the median θ̂med, the Huber estimator θ̂Hub,k, and the trimmed mean

θ̂trim,γ = 1
n−2⌊γn⌋

∑n−⌊γn⌋
i=⌊γn⌋+1 x(i).

(a) Calculate the gross error sensitivity of the median θ̂med, Huber estimator θ̂Hub,k (as

a function of the Huber parameter k), and trimmed mean θ̂trim,γ (as a function of
the trimming parameter γ). [You may use, without proof, the following formula for
the influence function of the trimmed mean:

IF (x;Tγ , F ) =





F−1(γ)−µ(F )
1−2γ , if x < F−1(γ),

x−µ(F )
1−2γ , if x ∈ [F−1(γ), F−1(1− γ)],

F−1(1−γ)−µ(F )
1−2γ , if x > F−1(1− γ),

where Tγ(F ) = 1
1−2γ

∫ 1−γ
γ F−1(u)du and µ(F ) is the distribution mean.]

(b) Prove that the breakdown point of any translation-invariant estimator is at most
1
n⌊n−1

2 ⌋.

(c) What are the breakdown points of the median θ̂med, Huber estimator θ̂Hub,k, and

trimmed mean θ̂trim,γ? [Hint: For the Huber estimator, consider the estimating
equation evaluated at t and argue about the two cases t < x(1)−k and t > x(n)+k.]

(d) Suppose we wish to perform a hypothesis test of H0 : θ = θ0 vs. H1 : θ > θ0. Provide
an asymptotically level-α test based on each of the three test statistics above. In
what sense are these tests robust? [You should derive an explicit expression for the
rejection region of each test, but you do not need to simplify it.]

[You may quote any result from the lectures that you need, without proof. In particular, you
may assume that all three estimators are asymptotically normal, with the usual formula for
the asymptotic variance in terms of the influence function, without checking any regularity
conditions.]
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2 Suppose we observe data points {(xi, yi)}ni=1, where xi ∈ Rp and yi ∈ R.

(a) Show that, for a fixed value of σ > 0, the regression M -estimator

min
θ

n∑

i=1

ρk

(
yi − xTi θ

σ

)
,

where ρk is the Huber loss with parameter k, is equivalent to the penalized least
squares problem

min
(θ,γ)

{
1

2σ
∥y −Xθ − γ∥22 + k∥γ∥1

}
.

(b) Consider the penalty function gℓ(γ) :=
∑n

i=1 gℓ(γi), defined for a parameter ℓ > 0,
where for u ∈ R, we define

gℓ(u) := ℓ · 1{u ̸= 0}.

Show that the penalized least squares problem

min
(θ,γ)

{
∥y −Xθ − γ∥22 + gℓ(γ)

}

is equivalent to the skipped-mean regression M -estimator

min
θ

n∑

i=1

ρL(yi − xTi θ),

where

ρL(u) :=

{
u2, for |u| ⩽ L,

L2, for |u| > L,

is the “skipped-mean” loss, for a value of L you should determine as a function of
ℓ. [Hint: Consider the penalized least squares objective where we optimize over each
component of γ.]

(c) Write down the estimating equation corresponding to the skipped-mean regression
M -estimator in (b).

(d) Suppose the breakdown point of the skipped mean regression M -estimator is defined
to be the threshold at which there exist solutions to the estimating equation in part
(c) that grow arbitrarily large (where we can contaminate both xi’s and yi’s). Find
the breakdown point of the estimator, assuming for simplicity that X = {xi}ni=1 has
xi ̸= (0, 0, . . . , 0)T for all i. [Hint: Let v ∈ Rp be such that xTi v ̸= 0 for all i. Define
θt = tv, and argue about the behavior of the estimating equations as t → ∞.]

[You may quote any result from the lectures that you need, without proof.]
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3 Suppose {xi}ni=1 are drawn i.i.d. from a distribution with mean µ and variance σ2.
Suppose δ ∈ (0, 1) is fixed, and let k = ⌈8 log(1/δ)⌉. Suppose n

k is an integer.

(a) Let µ̂MOM denote the median-of-means estimator based on k groups. Define µ̂MOM

in terms of {xi}ni=1, and state a deviation inequality that holds for |µ̂MOM −µ| with
probability at least 1− δ.

(b) Suppose we define µ̂MOM ′ to be the mean-of-medians estimator, i.e., randomly split
the data into k groups and compute the mean of the k group medians. Prove or
disprove the statement that |µ̂MOM ′ − µ| satisfies a similar deviation inequality to
the one in part (a).

(c) For a fixed value of δ (and therefore also k), derive the asymptotic distribution of
µ̂MOM , as n → ∞. Assume for simplicity that k is an odd integer. [Your answer
should be a function of k, and it is enough to derive an expression for the limiting
cumulative distribution function.]

Now suppose n is a perfect square and we calculate µ̂MOM based on k =
√
n groups.

(d) State a conjecture about the asymptotic distribution of
√
n(µ̂MOM − µ) as n → ∞.

(You do not need to prove your conjecture, but you should explain your logic.)

[You may quote any result from the lectures that you need, without proof.]
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