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Let (X(t) : t € T) be a centred Gaussian process indexed by some set T" and let V'
be a cylindrically measurable subspace of RT. Show that Pr(X € V) € {0, 1}.

Now let T = N and consider jointly Gaussian random variables X (t) = ¢g; ~
N(0,+/t). Construct infinite-dimensional linear subspaces V, W of RY for which Pr(X €
V) =1 and Pr(X € W) = 0, respectively, and justify your answer.

[You may use standard properties of finite-dimensional Gaussian distributions
without proof.]

2 Gaussian Processes and Measures

Let (V,||-]|) be a normed vector space, let X1,..., X, be independent Borel random
variables taking values in V', and write S, = X1 + -+ + X} for 1 < k < n. Suppose the
X, are symmetric, that is, the laws of X; and —X; are identical. Show that for all ¢ > 0,

Pr( max ||S| > t) <2Pr(||Sy] > t).
1<k<n

Now let V' be a Hilbert space and let (g;) be an infinite sequence of iid N(0,1)
variables. Let further (u; : j € N) be a sequence in V' and such that }, ujl? < oo .
Prove that the series > j 9ju; converges almost surely in V.

[Hint: You may use without proof that a sequence of random variables Z,, converges
almost surely to some limit Z in V' if Pr(sup;s,, [|Z; — Znlly > €) — 0 for every € > 0 as
n — 00.]

Let (X(t) : t € R) be a centred stationary Gaussian process with covariance
O(s,t) = K(s—1t),s,t € R, where K has Fourier transform

R(u) = /Rew%(x)d;p (4 [uP) ueR.

Show that its reproducing kernel Hilbert space (RKHS) equals the Sobolev space H!(R),
and that its law defines a Gaussian Borel probability measure on the space L?(R,v) for
any finite measure v on R.

[You may use without proof results from Fourier analysis, as well as general theorems
on Gaussian processes and RKHS from lectures, provided they are clearly stated.]
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Denote by H = L?((0,1),dz) the Hilbert space of square integrable functions on
(0,1) for Lebesgue measure dx. Construct a centred Gaussian process (X (t) : t € (0,1))
with the following properties:

1) the law px of X on RO satisfies px (H) = 1,
2) X has a version that is almost surely infinitely differentiable on (0, 1),

3) ux (V) =0 for every finite-dimensional linear subspace V of H.

[You may use without proof the Sobolev embedding theorem, as well as standard
properties of trigonometric polynomials.]
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