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1 Let X be a random variable with E(X) = 0.

(a) Define what it is means for X to be sub-Poisson in the right tail with variance
parameter 0. Define what it is means for X to be sub-Gamma in the right tail

with variance parameter o2 and scale parameter c.

(b) Prove that if X is sub-Poisson in the right tail with variance parameter o2, then it is
sub-Gamma in the right tail for appropriate variance and scale parameters that you
should specify.

(c) Prove that if E(X?) < 0% and E(X?) < qlo?c?7?/2 for all integers ¢ > 3, then X is
sub-Gamma in the right tail with variance parameter o2 and scale parameter c.

[You may use the fact that e* — 1 — u < u?/2 for u < 0.]

(d) Define what it is means for Y to be sub-Gaussian with variance parameter o*. Prove
that for every ¢ > 0,

E(Y]7) < 2- r(% + 1) (202)4/2.

(e) Now let Y and Z be sub-Gaussian with variance parameters o and 0% respectively.
Prove that YZ — E(YZ) is sub-Gamma in the right tail with variance parameter
640202 and scale parameter 40yoyz. Prove further that if E(YZ) > 0, then the
variance parameter and scale parameter can be improved to 16012/0% and 2o0yoyz
respectively.

[You may use the inequality (a + b)" < 2"~!(a” 4+ b") for a,b > 0 and r > 1.
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2 Let f be a density on R, and let Xq,...,X, S f. Define what is meant by a

kernel K, and given a bandwidth h > 0, define the scaled kernel Kj. Define a kernel
density estimator f, = fpn Kk of f with bandwidth h and kernel K.

Let h > 0, define f; : R — [0,00] by fr(z) := (2h)7! ffj}?f and suppose that K
vanishes outside [—1,1]. Prove that

o R 00 91/2 ¢1/2
E/_m’fn(a:)—IEfn(x)’dxg ||KHOO/_OOmin{WL{f/2,4fh}.

Prove further that for p € [0,1/2] and 6 > p/(1 — p),
oo . 22—3pHK”OO [e'e) 1—p
E/_oo‘fn(x) —Efn(z)| dz < (nh)p/—oofh

P Ko O (1 4+ R0 o
< s ([0 fwae)

—00

where Cp, 5 := [% _(1+ |2|)700=P/P dx = 2p/((1 — p)d — p) € (0,00).

[Hint: You may use the fact that if U ~ U[—1,1] and X1 are independent, then
hU + X, has density f.]
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3 Suppose that n = n{ for some n; € N, and for i = (i1,...,iq) € [n1]¢, define
z; = (zi1,..., i) € {1/n1,2/n1,...,1}* by x;; == ij/ny for j € [d]. Consider the
nonparametric regression model

Yi=m(z;) + ¢

for i € [n1]¢, where (€i)ic[n )¢ are independent with E(e;) = 0 and Var(e;) < o? for all i.

For a = (aq,...,aq)" € N&, we write a! := H;-lzl a;! and |af = Z;l:1 aj, and if
B=(B1,...,8)" € Ng, we say « is smaller than [ in the lexicographic order if there exists
j* € [d] such that o;j = f3; for j < j* and aj+ < Bj=. For p € Ny and p* := (d;p), define
Q : R = RP by Q(u) := (% H;l:l “?j)\a|gp’ with components ordered in increasing

lexicographic order in «, and for h > 0, let Qx() := Q(-/h).

Given a kernel K on R, the local polynomial estimator of m(-), denoted mu(:) =
M (- p, by K), is defined at zo = (201, - - ., 20a) | € [0,1]¢ by mhn(z0) := €] 5, where

d
3 € argmin Z {Yi - 8T Qn(x; — 330)}2 HK(@»
j=1

BERP™ icny)d

and where e; € RP" denotes the first standard basis vector.

Define what is meant by a linear estimator of m, and, assuming the positiveness of
the minimum eigenvalue \g of a matrix that you should specify, show that m,, is a linear
estimator of m.

For 8, L > 0, and with 3y := [8] — 1, suppose that m is Sy-times differentiable on
[0,1]¢, and that (in multi-index notation for partial derivatives),

m® (z) —m (@) < Llje - /|57

for all z,2" € [0,1]? and o € Nd with || = By. Assume further that K vanishes outside
[—1,1] and that p > fy. By first establishing a reproducing property and a bound on
appropriately-defined effective kernel weights, prove that for h > 1/(2n1),

(4e)?| K ||240
/\(2)nh71

(461/2)ddBOLHKHgoh72
AoBo!

for some v; > 0, depending only on d, and ~9 > 0, depending only on (3, that should be
specified.

Var my, (zo; p, h, K) < and ‘Biasfnn(xo;p, h, K)| <

[Hint: You may use the fact that

1 dt
> it

a€eNg:|al=¢

for € € Ny.]
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4 Let (X, A, 1) be a measure space, let (), B) be a measurable space and let g : X — Y
be measurable. Define the pushforward measure of u under g.

State the Lebesgue decomposition theorem. What is meant by an f-divergence
between two probability measures P and @ on (X, .A)?

State and prove the data processing inequality. [You may assume the Radon—
Nikodym theorem.]

Define the squared Hellinger distance H?(P,Q) between P and @, and state an
alternative expression for it when P and @ have densities f and g respectively with
respect to a o-finite measure pu. Prove that if Py, ..., Py are probability measures on X
and A1,..., Ay € A form a partition of X', then

1 I 1 1 M 1 I
17O PiA) < 7+ k2 S THA(R Q) x |1 o Y HA(PLQ),
j=1 j=1

where Q denotes the set of all probability distributions on X'. [You may use the fact that
f-divergences are jointly convex.]

[Hint: You may wish to use the fact that \/pg+ /(1 —p)(1 —q) < /1— (p— q)?
for p,q € [0,1].]

END OF PAPER
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