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1 Stochastic Calculus with Applications to Finance

(a) Let X be a continuous local martingale, and let Z
(a)
t = eaXt−a2t/2 for t ⩾ 0 and a ∈ R.

Suppose there exists a real number A ̸= 0 such that Z(A) is also a local martingale. Show
that Z(a) is a true martingale for all a. [Hint: Use Lévy’s characterisation of Brownian
motion.]

(b) Let X be a continuous local martingale, and suppose its quadratic variation is of the
form

[X]t =

∫ t

0
Hs ds

where the process H is previsible and strictly positive. Show that there exists a Brownian
motion W and a locally W -integrable previsible process K such that

Xt = X0 +

∫ t

0
Ks dWs

(c) Let X be a continuous, adapted process such that

Mf
t = f(Xt)−

∫ t

0

(
b(Xs)f

′(Xs) +
1

2
σ(Xs)

2f ′′(Xs)

)
ds

is a local martingale for each f ∈ C2 where the measurable and locally bounded functions
b and σ are given. Suppose that σ(x) > 0 for all x. Show that X is a weak solution of the
stochastic differential equation

dXt = b(Xt)dt+ σ(Xt)dWt.

[Hint: Consider the functions f(x) = x and f(x) = x2.]

Part III, Paper 202



3

2 Stochastic Calculus with Applications to Finance
(a) For a continuous adapted process X = (X(t))t⩾0, let

|||X||| = E(sup
t⩾0

|X(t)|)

Let X be the set of continuous adapted processes X (or more properly, the equivalence
classes of indistinguishable continuous adapted processes X) such that |||X||| is finite. Show
that X is complete with respect to the norm ||| · |||. You may assume that the filtration
satisfies the usual conditions.

(b) Let (Xn)n and X be continuous adapted processes that have the property that there
exists an increasing family of stopping times TN ↑ ∞ such that for each fixed N we have
|||XTN

n −XTN ||| → 0 as n → ∞, where the notation Y τ = (Y (t∧ τ))t⩾0 denotes the process
Y stopped at τ . Show that Xn → X u.c.p. (uniformly on compacts in probability).

(c) Let X be a continuous semimartingale and (Hn)n a uniformly bounded sequence of
previsible processes such that Hn → H pointwise. Show that

∫
Hn dX →

∫
H dX

u.c.p. [You may use without proof the fact that if Yn → Y u.c.p. and Zn → Z
u.c.p. then Yn + Zn → Y + Z. You may also use without proof the inequality
E(supt⩾0M(t)2) ⩽ 4 E([M ](∞)) for a continuous local martingale M with M(0) = 0,
where [M ] is its quadratic variation.]

(d) Let X be a continuous semimartingale. Show that the process |X| is a continuous
semimartingale. [Hint: 1

n log(cosh(nx)) → |x| uniformly and tanh(nx) → sign(x). You

may also find the following facts useful: d
dx log coshx = tanhx, | tanhx| < 1 for all x and

d
dx tanhx = (coshx)−2.]
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3 Stochastic Calculus with Applications to Finance
For a continuous function f : [0, 1] → R let

∥f∥ = sup
N

2N∑

k=1

|f(k2−N )− f((k − 1)2−N )|.

(a) For fixed 0 ⩽ t ⩽ 1, let ft(s) = f(s ∧ t) for all 0 ⩽ s ⩽ 1. Assuming ∥f∥ < ∞, show
that

∥ft2∥ − ∥ft1∥ ⩾ |f(t2)− f(t1)|
for all 0 ⩽ t1 < t2 ⩽ 1.

(b) Show that

∥f∥ = sup
0=t0<t1<···<tn−1<tn=1

n∑

k=1

|f(tk)− f(tk−1)|.

(c) Let f be continuously differentiable. Show that ∥f∥ < ∞.

(d) Let f(0) = 0 and
f(t) = t sin(1/t) for t > 0.

Show that ∥f∥ = ∞.
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4 Stochastic Calculus with Applications to Finance
Let S0 > 0 be constant, let M be a continuous local martingale with M0 = logS0,

and let S be the local martingale defined by S = eM− 1
2
[M ]. Let T > 0 be non-random.

(a)(i) If [M ]T ⩾ a a.s. for a constant a ⩾ 0, show that

E(
√
ST ) ⩽

√
S0e

−a/8.

(ii) If [M ]T ⩽ b a.s. for a constant b ⩾ 0, show that

E(
√

ST ) ⩾
√
S0e

−b/8.

Consider a market model with zero interest rate rt = 0 for all t ⩾ 0 and a risky asset
with time-t price St. The market also has a European contingent claim with maturity date
T and time-t price Ct, where

Ct = E
(√

ST |Ft

)

for 0 ⩽ t ⩽ T . Assume the process C is continuous.

(b) Briefly explain why the market consisting of the bank account, the risky asset and the
contingent claim has no arbitrage.

(c) Consider the Black–Scholes model with M = logS0 + σW , where σ is a constant and
W is a Brownian motion. Find, with proof, an explicit function ∆ : [0, T ]×R+ → R such
that

dCt = ∆(t, St)dSt.

(d) Assuming a ⩽ [M ]T ⩽ b a.s. show that the Black–Scholes implied volatility σ̂ for the
claim satisfies a ⩽ T σ̂2 ⩽ b.

END OF PAPER
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