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1 Let (An : n ⩾ 1) be a sequence of events and let X be an integrable random
variable. Set Fn = σ(A1, . . . , An).

(a) Show, without appealing to general results on conditional expectation, that, for
each n ⩾ 1, there exists a random variable Xn with the following properties:

(i) Xn is Fn-measurable,

(ii) Xn is integrable and E(Xn1A) = E(X1A) for all A ∈ Fn.

(b) Show that, in a certain sense to be made precise, properties (i) and (ii) characterize
Xn uniquely.

(c) Show that (Xn)n⩾1 converges almost surely and in L1 to an integrable random
variable. Any general theorems to which you appeal should be clearly stated.

(d) Deduce, without appealing to general results on conditional expectation that, for
any countably generated σ-algebra G = σ(An : n ⩾ 1), there exists a random
variable Y with the following properties:

(i) Y is G-measurable,

(ii) Y is integrable and E(Y 1A) = E(X1A) for all A ∈ G.
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(a) Let X be an integrable real-valued random variable. Define the cumulant generating
function ψ of X and its Legendre transform ψ∗.

(b) State Cramér’s theorem on the large deviations of sums of independent identically
distributed integrable real-valued random variables.

(c) Prove the upper bound in Cramér’s theorem.

(d) Assume that we restrict in Cramér’s theorem to the case where ψ is finite on [0,∞)
and its derivative ψ′ is a strictly increasing continuous map [0,∞) → [m,∞). Prove
the lower bound of the theorem in this case.
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(a) State Doob’s upcrossing inequality.

(b) State and prove the almost sure martingale convergence theorem for a discrete-time
martingale.

(c) State the almost sure martingale convergence theorem for a continuous-time mar-
tingale.

In Parts (d) and (e) you may use any martingale properties associated with Brownian
motion without proof but if you use the transience of Brownian motion in R3 you should
prove it. Write |x| for the Euclidean norm

√
x21 + x22 + x23.

(d) Let (Bt)t⩾0 be a Brownian motion in R3 with |B0| = 1. Show that there is a random
variable Y such that |Bt|−1 → Y almost surely as t→ ∞.

(e) By using Brownian scaling or otherwise, show that Y = 0 almost surely.
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(a) What does it mean to say that a random process (Bt)t⩾0 is a Brownian motion?

(b) Set

Z =

∫ 1

0
Btdt.

Find the mean and variance of Z and show that Z is a Gaussian random variable.

(c) State Donsker’s invariance principle for a real-valued random walk (Sn)n⩾0 with
steps of mean 0 and variance 1.

(d) Let (Xn : n ⩾ 1) be a sequence of independent indentically distributed random
variables of mean 0 and variance 1. Deduce from Donsker’s invariance principle
that the following random variables converge weakly as n→ ∞ and determine their
limiting distributions:

(i) n−1/2
∑n

k=1Xk,

(ii) n−3/2
∑n

k=1

∑k
j=1Xj .
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5 Let D be a bounded domain in Rd and let (Xt)t⩾0 be a Brownian motion in Rd

starting from x ∈ D. Set
T = inf{t ⩾ 0 : Xt ̸∈ D}.

(a) Show that Ex(T ) <∞.

(b) Let u be a continuous function on the closure D̄ of D and suppose that u is C2 in
D with |∆u(x)| ⩽ C for all x ∈ D for some constant C <∞. Show that, for x ∈ D,

Ex(u(XT )) = u(x) + Ex

∫ T

0

1
2∆u(Xt)dt.

(c) Suppose that (un : n ⩾ 1) is a sequence of continuous functions on D̄, all of which
are C2 in D. Assume that un = 0 on the boundary ∂D and that |∆un(x)| ⩽ C
for all x ∈ D for all n. Show that if ∆un(x) → 0 as n → ∞ for all x ∈ D then
un(x) → 0 as n→ ∞ for all x ∈ D.

[You may assume standard results on one-dimensional Brownian motion and on martin-
gales associated with Brownian motion in Rd.]
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(a) What does it mean to say that a real-valued random process is a Lévy process?

(b) Let (Xt)t⩾0 be a real-valued Lévy process and suppose that X1 has finite mean
µ and variance σ2 ∈ (0,∞). Show that Xt has finite variance for all t ⩾ 0 and
determine its value.

(c) Suppose now that µ = 0 and setMt = X2
t −σ2t. Show that (Mt)t⩾0 is a martingale.

(d) Suppose now further that (Xt)t⩾0 has bounded jumps. Fix integers a, b ⩾ 1 and set

T = inf{t ⩾ 0 : Xt ⩽ −a or Xt ⩾ b}.

Show that E(X2
T ) = σ2E(T ).

(e) Suppose in fact that (Xt)t⩾0 is the difference of two independent Poisson processes
of the same rate λ > 0. Find E(T ).
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