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1 The energy super critical soliton
We work in dimension d > 3 with radially symmetric real valued functions. For z € R?, we
let r = |z| = Zle z?. We pick p > 1 and assume in the whole question the range
d 2
Se==————2>1.
2 p—1
Our aim is to solve the problem
Au+uP =0
u(r) >0
0.1
dur =0)=0 (0.1)

lim, oo u(r) =0

1. Rewrite (0.1) as an ode problem and explain why we can always assume u(0) = 1.

2. Consider the change of variables v(s) = rﬁju(r) with s = logr. Show that v satisfies the

ode with v = %:
S

B4 2(se — 1) — B v 40P =0
for some constant co(d,p) > 0 to be determined.

3. Show that the radial ode Au + uP = 0 always admits an homogeneous solution u(r) = -5
for some parameters ¢, 5 to be determined.

4. For s, = 1, give a closed formula for a solution u(r) to (0.1). Show in particular that

lim r%u(r) >0

r—+00

for some a = a(d) to be determined. Does this solution satisfy Vu € L*(R%)? You may
use without proof that the soliton solution to Q" — Q + QP =0 is

1

1 p—1
Qz) = Ll
2 cosh? (p%w)
5. We now assume s, > 1. Compute .J where J = ”2—2 + f(v) with f(v) = —%112 + ‘]’;:11 and

draw schematically the graph of f on R..

6. Show that for s. > 1, (0.1) has a solution which satisfies

lim r%u(r) >0

r—-+00

for some a = a(d, p) to be determined. Does this solution satisfy Vu € L?(R%)?
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2 Blow up for Ey <0 for 0 <s. <1
We work in R? with d > 3. We consider the focusing

i0pu + Au + ululP~1 =0 d
(NLS) w(0,7) = uo(x) , x€R
in the range
d 2 0<s.<1
Se == — ——, Se .
2 p—1

We let H} be the set of H! functions with radial symmetry. The energy functional is

1 1
B(u) = / VuP - —— [ juptia.
R4 p R4

We pick ug € H}\{0} and assume

We let u € C°([0,T), H}) be the corresponding solution to (NLS). The aim of this question is
to show that the solution must blow up in finite time ie 7' < 400 (we do not assume the extra
regularity |z|up € L? as in class).

1. Compute o > 0 such that
vue H'(RY), Jullprer S llull o

and prove

2
— <o <1
p+1

2. Use the conservation laws to prove the existence of a constant c(ug) > 0 such that
Ve 0.7), [Vu®)llp > cluo).

3. Let x € C°(R%) with spherical symmetry, prove the formulas:

ST, xlul* =Im (/VX Vuu>
and

ialm </ Vx - Vuu> = /X”Vu|2 /A2x\u|2 ( — > /A)du]pﬂ

4. Prove that for all u € H},

2
VR >0, [ullfm s ry < sl [ Vul e

[QUESTION CONTINUES ON THE NEXT PAGE]
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5. Let R >0, ¢ € C=°(R%,R,) with spherical symmetry and

|=[2

T for |z| <
Y(z)=|0 for |x| >10
Y <
Let .
x(@) = vr(@) = R ().
show that

c(d,p)/|Vu]2+2dtIm (/VI/JR Vuu) < C(d,p)

1 2
[t | m]
|z|>2R 2R<|z|<10R

for some constants ¢(d, p), C(d,p) > 0 independent of R and w.

6. Prove that T' < 4o00. (hint: observe that 1 < p < 5)
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3 Dirac mass concentration for L? critical NLS
We consider the L? critical focusing

10w+ Au+ ulu|> =0

2
(0, z) = up(x) , TERY

(NLS)

Given a initial data ug € H', we let 0 < T < 400 be the maximal life time in H'. We let H} be
the set of H' functions with radial symmetry.

1. Give (without proof) the variational characterization of the ground state @ and the
associated sharp lower bound on the energy functional

1 1
E(u) = B /R2 |Vu|*dx — 1 /]R2 lul*dz.

2. Let w € H! with ||w||z2 < ||Q| z2 and ¥ a smooth bounded real valued function, show that

‘Im(/wVw : V¢d$)

3. Show that for ug € H', ||Jugl|z2 < ||Q|lz2 = T = +oo.

2

<2E(w)/|vw\2|w|2 dx.

4. Show the compactness of the Sobolev embedding H} C L*.

5. For the rest of the question, we let ug € H}! with ||uo|z2 = ||Q|/z2 and assume T < +oo.
Show that there exists a sequence t,, — T, A(t,,) — 0 and v € R such that

V(tn, ) = Mt u(tn, Mtn)z) = Qe in H'.

6. Show that
Ve >0, 3R >0 s.t. Vt € [0,T7, / lu(t, z)|?dr < e.

|z|>R

7. Show that forall ¢ € Co(R?, C) bounded,

lim [ul? (tn, 2)p(x)dz = ¢(0) Q72

n—-+oo R2

END OF PAPER
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