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(a) Let A denote the von Mangoldt function. Prove that A(n) = 3_,,, pu(d)log 7 for all
integers n > 1.

[You may use any properties of the Dirichlet convolution, provided you state them
clearly.

(b) Prove that for > 2 we have

Z 7(n) = zlogz + Cz + O(z/?),
n<e

for some constant C', where 7 is the divisor function.

(c) Prove that for any integer a > 1 and any = > z > w > 2 we have

1
{n € [1,z]: an + 1 has no prime factor in [w, z]}| < H <1 — >
p

pla

-1 log w

log 2 v

[You may use Mertens’ theorem and any results about sieves stated in the course.]
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(a) State and prove the Euler product formula for the Dirichlet series of a multiplicative
function f: N — C with |f(n)| <1 for all n € N.

(b) State the functional equation for the Riemann zeta function, and use it to prove
that if ((s) has a non-real zero s with Re(s) # 1/2, then it has at least one zero s
with Re(s) € (1/2,1].

[You may use the fact that ((s) has no zeros with Re(s) > 1.]

(c) Prove that for every € > 0 and C > 0, there exists a real number z > 1 such that

> p(n)

n<x

> C:Z:l/Q*E‘

[You may assume that the Riemann zeta function has at least one nontrivial zero.]
(d) State Haldsz’s theorem.

(e) Using Haldsz’s theorem, or otherwise, prove that for any multiplicative function
f:N—={-1,+1}, for x > 1 we have
} = o(x).

min { Z f(n)

n<x
[You may use any results on the pretentious distance given in the course, provided
you state them clearly.]

)

> fn)un)

n<e
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(a) State Perron’s formula.

(b) Prove that there exists a constant A such that, for any x > 1, the residue of the

function

at s=1is zlogz + Azx.

<<’<s>>2 i
(s) /) s
[You may assume that % has a simple pole at s =1 with residue —1.]

(c) Prove that (A * A)(n) < (logn)? for all integers n > 1 and that

[e.9]
(logn)? _3
Z n1+u

n=1

for all w € (0,1].

(d) Prove that there exists a constant ¢ > 0 such that for all x > 2 we have

Z(A x AN)(n) = xlogz + Az + O(xz exp(—cy/log x)),

n<x

where A is the constant from part (b).

[You may assume a zero-free region for the Riemann zeta function and bounds for

C'(s)/¢(s) inside this region, provided you state them clearly.]

END OF PAPER
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