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1 Let L = {E}, E a binary relation symbol.

Let T1 be the theory that expresses that E is an equivalence relation that has exactly
two infinite equivalence classes.

Let T2 be the theory that expresses that E is an equivalence relation such that for
every n ∈ N, E has infinitely many equivalence classes of size n.

(a) For which κ (if any) is T1 κ-categorical? Justify your answer.

(b) For which κ (if any) is T2 κ-categorical? Justify your answer.

(c) Show that T1 has quantifier elimination.

(d) Explain why T2 does not have quantifier elimination. Expand the language
by additional relations such that T2 has quantifier elimination in the expanded
language. [You do not need to justify your choice.]

2 For the ith prime pi, let Fi be the �eld with pi elements, in the language Lring of

rings.

(a) Describe an ultra�lter U1 on ω such that
∏

i∈ω Fi/U1 has characteristic pi. Justify

your answer.

(b) Show for a non-principal ultra�lter U2 on ω that F =
∏

i∈ω Fi/U2 has a unique

algebraic extension of degree n for every n ∈ ω.

[Hint: Recall that an algebraic extension of degree n of a �eld F is given by F (α)
where α is a solution to an irreducible polynomial of degree n with coe�cients in F .
You may use the fact that any �nite �eld has a unique algebraic extension of degree
n for every n ∈ ω, as well as any other facts from �nite �eld theory.]

3 Let L be a countable language.

(a) Let T be a complete theory. Define what it means forM |= T to be ℵ0-homogeneous.

(b) Let T be a complete theory. Show that every countable model of T has a countable
ℵ0-homogeneous elementary extension.

(c) Find a countable model of Th(Z, <) that is not ℵ0-homogeneous. Justify your
answer.
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4 Let T be a complete L-theory, let M = (M, I) |= T , and suppose that T is strongly
minimal.

(a) Give the definition of T being strongly minimal.

(b) Show that all models of T are ℵ0-homogeneous.

(c) Find an example to show that not all strongly minimal theories are κ-homogeneous
for all κ. Justify your answer.
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