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(a)

Suppose that k is a field.

Define the notions of left noetherian ring and right noetherian ring.

Suppose that S is a ring that is generated by a subring R together with an element
x € S such that R+ Rx = R+ xR. Show that if R is left noetherian then S is left
noetherian.

Recall that the first Weyl algebra A;(k) over k is defined by

Av(k) = k(z,y)/(yz — 2y — 1).

Show that A;(k) is both left noetherian and right noetherian.
Show that A;(k) is simple if and only if char(k) = 0.
Consider the k-subalgebra T' of Endy(k[t]) generated by X and Y where X (f) =tf

for all f € k[t] and Y is the left inverse of X such that Y(1) = 0. Show that T is
neither left noetherian nor right noetherian.

State and prove Schur’s lemma.

Suppose that R is a ring and let V' be a simple left R-module. Write D = Endg (V)P
so that D acts naturally on V' on the right. Suppose that X is a finite subset of V,
and let

I:= m annp(x).

zeX
Show that if I -y = {0} for some y € V then y € X - D, the D-linear span of X.
State and prove the Jacobson density theorem.
Deduce that if R is a primitive ring then there is a division ring D such that either:
(i) R is isomorphic to a matrix ring Mat, (D); or
(ii) for every natural number n there is a subring R,, of R and a surjective ring

homomorphism R,, — Mat, (D).

Suppose that R is an arbitrary ring. By considering matrices e;; with a 1 in entry
(7,7) and 0’s elsewhere, show that there is a 1-1 correspondence between simple
R-modules and simple Mat,,(R)-modules given by S — S™.

Deduce that
J(Mat,,(R)) = Mat,(J(R))

where J(R) denotes the Jacobson radical of R.
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3 Let R be a ring.

(a) Define an injective (left) R-module. State and prove Baer’s criterion for injective
left R-modules.

(b) Show that R is left noetherian if and only if every direct sum of injective left R-
modules is injective.

(c) Suppose that R is a commutative principal ideal domain and E is an R-module.
Show that FE is injective if and only if F is divisible. Hence classify all indecompos-
able injective R-modules giving an explicit description of each one.

(d) Suppose that R is commutative and noetherian, J is an ideal of R and N is an
essential submodule of a finitely generated R-module M. Show that if JN = 0 then
there is n > 1 such that J"M = 0. Deduce that the injective hull of R/J,

E(R/J)=|J{z € E(R/J): J"z =0}.

n=1
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Suppose that R is a ring and k is a field of characteristic 0.

Define a left Ore set in R. If S is a multiplicatively closed subset of R and M is a
left R-module let

ts(M) :={m € M : sm =0 for some s € S}.

Show that a multiplicatively closed subset S of R is a left Ore set if and only if for
every left R-module M the set tg(M) is a submodule of M.

Define a prime ideal of R. If P is a prime ideal in R let

Cr(P)={r € R:r+ P is a regular element of R/P}.

Ty(k) = {<‘C‘ 2) ca,c,d € k}

under usual matrix operations. What are the prime ideals of T5(k)? For each prime
ideal P <1 T3(k) find the largest subset of Cr, () (P) that is a left Ore set.

Consider the ring

Now suppose g = kx @ ky is a k-Lie algebra with [yz] = —z. Show that for every
A € k there is a ring homomorphism U(g) — End(k[t]) such that

OA(y)(f) = t0,(f) + Af and Ox(z)(f) = O.(f) for all f € k[t].

Describe all the U(g)-submodules of k[t] under the action induced by 6.
Consider I := (z,y — \) < U(g). Show that I is a maximal ideal.

By considering the action of U(g) on k @ kt via 0y, show that if S C Cyg) (L)) is a
left Ore set then S C (,,cn, Cu(g)(Ir+n)-

END OF PAPER
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