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1 (a) Define an absolute value and a non-archimedean absolute value on a field K.
Show that if char(K) > 0 then all absolute values on K are non-achimedean.

(b) Let (K, |·|) be a non-archimedean valued field. Which of the following statements
are always true, and which can be false. Justify your answers.

(i) If x, y ∈ K then min(|x|, |y|) ⩽ |x+ y| ⩽ max(|x|, |y|).

(ii) If x, y ∈ K with |x| ≠ |y| then |x+ y| = |x− y|.

(iii) The ring {x ∈ K : |x| ⩽ 1} is a Principal Ideal Domain (PID).

(iv) K is totally disconnected.

(c) State and prove a classification of the non-archimedean absolute values on Q
(up to a suitable notion of equivalence, which you should define).

(d) Let (K, | · |) be a non-archimedean valued field. Show that if char(K) = 0 and
K is locally compact then K is a finite extension of Qp for some prime p.

2 (a) State and prove a version of Hensel’s lemma.

(b) Prove that if m ∈ Z2 then 1+8m ∈ (Q∗
2)

2. [Hint: You may wish to consider the
polynomial f(X) = X2 −X − 2m.] Prove that for each place v of Q we have

|Q∗
v/(Q∗

v)
2| = 4

|2|v
.

(c) Let k be a field. Define the field of Laurent power series k((t)) and prove that
it is complete with respect to a discrete valuation. If K = Fp((t)) then for which primes
p is the group K∗/(K∗)2 finite? Justify your answer.

3 Let K be a finite extension of Qp with valuation ring OK and uniformiser π. Let
ζp be a primitive pth root of unity, and let q = |OK/πOK |.

(a) Show that for all r sufficiently large (πrOK ,+) ∼= (1 + πrOK ,×). Deduce that
O∗

K has a subgroup of finite index isomorphic to (OK ,+).

(b) Show that if a ∈ O∗
K then the sequence (aq

n
)n⩾0 converges in K to a (q − 1)th

root of unity which is congruent to a (mod π).

(c) Determine the number of roots of unity in Qp and in Qp(ζp) for all primes p.
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4 (a) Let K be a p-adic field. Show that for each integer n ⩾ 2 there is a unique
unramified extension L/K with [L : K] = n.

(b) Let L/K be a finite Galois extension of p-adic fields. Define the ramification
subgroups of G = Gal(L/K). Show that ∩n⩾0Gn = {1} and that there is an injective
group homomorphism G0/G1 → k∗L where kL is the residue field of L.

(c) Let D2n be the dihedral group of order 2n.

(i) Find a Galois extension L/Q2 with Gal(L/Q2) ∼= D6.

(ii) Clearly stating any further results about ramification groups that you need,
show that there does not exist a Galois extension L/Q2 with Gal(L/Q2) ∼=
D10.
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