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1 Let X be the wedge of two circles, SV S!, thought of as a graph with a single vertex

xg, so m1(X, xg) is isomorphic to Fy, the free group of rank 2, with canonical generating
set {a,b}.

(a) Draw pictures of the covering spaces of X corresponding to the following
subgroups.

(i) The kernel of the homomorphism Fy — Z sending a — 1 and b — 0.
(ii) The kernel of the homomorphism F, — Z sending a — 2 and b — 3.

(iii) The subgroup (a) < Fb.

(b) Let Y be a connected graph, Z a connected subgraph and yy a vertex of Z.
Consider a combinatorial loop « in Z, starting and ending at yg. Explain why « is
homotopic in Z (rel. endpoints) to a locally injective combinatorial loop /3.

Let p : Y — Y be the universal covering map. Prove that § lifts to an injective
path in Y, quoting any results that you need from lectures. Deduce that the inclusion
map Z — Y induces an injective homomorphism 71 (Z, yo) — m1(Y, o).

(c) For a subgroup H of Fy, let (Y,yo) be the corresponding based covering space
of (X,zp). Prove that, if H is finitely generated, then there is a finite subgraph Z C Y,
containing ¥, such that the inclusion map induces an isomorphism H 2 w1 (Z, y).

2 (a) Draw the Bass—Serre trees of the following amalgamated free products and HNN
extensions.

() Z *2z=32Z
(11) Z*ZNQZ
(b) Consider the group K = (a,b | aba='b). Explain why K acts properly and

cocompactly on the Euclidean plane. Prove that the subgroup generated by a? and b is
isomorphic to Z2. What is its index in K?

(c) Consider the group

G = (a,c|actatc?, ca’c ta?).

Write G as an amalgamated free product with edge group isomorphic to Z?, and draw the
corresponding Bass—Serre tree.

(d) Prove that - ' o
a'cdra’? ... I tatmd £ 1

in G whenever all the exponents i and j are odd and n > 1.
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3 Consider the following group G defined by a presentation.

1

G = {a,b,c,z,y|a’z™ 1, b3y~ .z, abe, [a,y],[b, z]) .

(a) Compute the abelianisation of G. [Hint: It may be useful to simplify the given
presentation of G.]

(b) Find a homomorphism from G onto a non-elementary Fuchsian group.
(c) Prove that = and y together generate the centre Z(G).

Now suppose that GG acts on a tree T' by combinatorial isometries.

(d) Prove that, if x acts hyperbolically, then G preserves a line in 7.

(e) Prove that, if Z(G) acts trivially on T, then G acts trivially on 7'

4 A quasi-tree is a geodesic metric space that is quasi-isometric to a tree.

(a) Use the Mostow—Morse lemma to show that any quasi-tree X is d-hyperbolic,
for some ¢ depending on X.

(b) A geodesic metric space X satisfies the bottleneck property if there is a constant
C' such that the following holds. Let z,y € X, let [z,y] be a geodesic and let m be the
midpoint of [x,y]. For any continuous path « : [0,1] — X with «(0) = z and a(1) =y,
there is t € [0, 1] such that d(m, a(t)) < C. Prove that quasi-trees satisfy the bottleneck
property.

(c) For some 0, give an example of a é-hyperbolic metric space X that is not a
quasi-tree. Justify your answer, using results from lectures.

(d) For all 6 > 0, give examples of d-hyperbolic metric spaces X that are not
quasi-trees. Justify your answer.

END OF PAPER
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