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(a) Define

(i) the definable power set D(X),
(ii) the constructible hierarchy L, and

(iii) the condensation sentence (i.e., a sentence o such that for any transitive set X,
if X = o, then there is a limit ordinal A such that X = Ly).

[It is not mecessary to give all details of the definition of the condensation
sentence; instead, describe the general principles how to identify it.]

(b) Let Ty, := {¢; ¢ is a sentence and L, = ¢}. Fix @ and show that

(i) there are v > 8 > a such that T # T, and
(ii) there are v > 8 > a such that T = T,,.

2 Let M be a countable transitive model of ZFC and IP € M be a partial order.
(a) Define what it means that G is P-generic over M.

As usual, we denote the set of functions from N to N by NN and the set of finite
sequences of natural numbers by N<N. For s € NN we write |s| for its length. A function
f € NN is eventually different over M if for all g € NN N M, there is some n such that for
all k > n, we have g(k) # f(k). A function f € NN is infinitely equal over M if for all
g € NN N M, there are infinitely many k such that g(k) = f(k). Consider the following
partial orders:

(i) Qo := N<N ordered by s < t if ¢ is an initial segment of s;

(ii) Q is the set of pairs (s, A) where s € N<N and A C NN is a finite set, ordered by
(s,A) < (t,B) if t is an initial segment of s, B C A, and if |t| < i < |s|, then for all
f e B, s(i) # f(i).

Let Gy and G be Qp-generic and Qq-generic over M, respectively, and

zo(k) := n if there is an s € Gy with s(k) = n and
x1(k) := n if there is an (s, A) € Gy with s(k) = n.

(b) Determine whether zp or z; are eventually different or infinitely equal over M. Justify
your (four) answers.

Part I1I, Paper 128



NIVERSITY OF
AMBRIDGE 3

@)

(a) (i) State Hausdorff’s formula for cardinal exponentiation. [You do not need to prove
the formula.)

(ii) Let X and Y be sets and & be a cardinal. Define Fn(X,Y, k).

[In this question, you may assume without proof that Fn(X,Y, k) is k-closed if k is
regular.]

Assume that M is a countable transitive model of ZFC with P, k, u € M such that
M =P is a partial order and k and p are infinite cardinals”.

(b) (i) State the relationship between P having the k-chain condition in M and the
preservation of cardinals in P-generic extensions of M. Using this relationship,
what preservations of cardinals can be derived from knowing that the cardinality
of Pis pin M? [You do not need to prove your claims.]

(ii) State the relationship between P being Nj-closed in M, the set p(N) (i.e., the
power set of N) in P-generic extensions of M, and the preservation of cardinals
in P-generic extensions of M. [You do not need to prove your claim.]

(c) Assume that M |= 2% =Ny let P = Fn(RM x N, 2,8M) and G be P-generic over M.
Determine the value of 2% in M[G]. Justify your claim.

(d) Assume that N O M is another countable transitive model of ZFC such that 8} is
countable in N. In N consider P = Fn(RY,2,RY) and assume that Q := {p € P; p
is countable in M} € N. Let G and H be P- and Q-generic over N, respectively. Is
o(N) N N[G] = p(N) N N[H]? Justify your claim.
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