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1 (a) What is a formal group law over a ring R? Let F/R and G/R be formal
groups over R, with formal group laws F and G respectively. What is a homomorphism
θ : F → G? Show that if θ : F → G is a homomorphism satisfying θ′(0) ∈ R× then θ is an
isomorphism.

(b) Let p be a prime and let E/Qp be an elliptic curve. What is a minimal
Weierstrass equation for E? Define the reduction map E(Qp) → E(Fp).

(c) Define subgroups Er(Qp) of E(Qp) for all r ⩾ 0 and describe (without proof)
each of the quotients Er(Qp)/Er+1(Qp). [You do not need to prove that the Er(Qp) you
define are subgroups.]

(d) Let E/Q be an elliptic curve and let n ⩾ 1 be an integer. Show that

#E(R)/nE(R)
#E(R)[n]

·
∏

p prime

#E(Qp)/nE(Qp)

#E(Qp)[n]
= 1.

2 Let E/Fp be an elliptic curve.

(a) Define the trace of an endomorphism ϕ of E. Show that tr(ϕ2) = tr(ϕ)2 −
2 deg(ϕ). Show further that ϕ2 − [tr(ϕ)]ϕ + [deg(ϕ)] = 0. [You may assume that
deg : End(E) → Z is a quadratic form.]

(b) State and prove a formula for the number of points on E over finite extensions
of Fp.

(c) Let E/F3 be the elliptic curve y2 = x3 − x.

(i) Let i ∈ F3 be a square root of −1 and let α be the automorphism of E
sending (x, y) to (−x, iy), which is defined over F9 and satisfies α2 = [−1].
Let ℓ be a prime with ℓ ≡ 3 (mod 4). Show that if P ∈ E is a point of
order ℓ, then P and α(P ) are Fℓ-linearly independent.

(ii) Determine the degree of the field extension F3(E[11])/F3.
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3 (a) Define the height H(P ) of a point P ∈ P1(Q). Show that if Φ : P1 → P1 is a
morphism of degree d, defined over Q, then there exist constants c1, c2 > 0 such that

c1H(P )d ⩽ H(Φ(P )) ⩽ c2H(P )d.

(b) Let E/Q : y2 = x3 + ax + b be an elliptic curve. Define the canonical height
ĥ : E(Q) → R, checking carefully that any limits involved exist.

[You may assume that there is a morphism Φ : P1 → P1 of degree 4, defined over
Q, such that the diagram

E
[2] //

x
��

E

x
��

P1 Φ // P1

commutes.]

(c) The regulator Reg(E/Q) of E/Q is defined as follows. Let P1, ..., Pn ∈ E(Q) be
points whose images (under the quotient map) give a Z-basis for E(Q)/E(Q)tors. Then
Reg(E/Q) is the determinant of the n× n matrix with (i, j) entry

⟨Pi, Pj⟩ := ĥ(Pi + Pj)− ĥ(Pi)− ĥ(Pj).

Show that Reg(E/Q) is independent of the choice of P1, ..., Pn. Show further that if E′ is
an elliptic curve over Q, and if ϕ : E → E′ is an isogeny defined over Q, then there exists
d ∈ Q× such that

Reg(E′/Q) = d2 deg(ϕ)rk(E/Q)Reg(E/Q).

[You may assume that ĥ : E(Q) → R is a quadratic form and that ĥ(ϕ(P )) = deg(ϕ)ĥ(P )
for all P ∈ E(Q).]

4 (a) Let K be a number field, let E/K be an elliptic curve and let n ⩾ 2. Suppose
that µn ⊆ K and E[n] ⊆ E(K). Show that E(K)/nE(K) is finite.

[Any results about elliptic curves over local fields may be quoted without proof. You
may also assume a result concerning the finiteness of the number of extensions of K with
specified properties, provided that you state it clearly.]

(b) Let E/Q be the elliptic curve y2 = x3 + x2 + 7x. Show that E(Q) is finite and
determine its elements.

[Hint: while you may not use this fact without proof, it may be helpful to know in
advance that #E(Q) = 6.]
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5 Let K be an algebraically closed field of characteristic 0. Let E and E′ be elliptic
curves over K and let ϕ : E → E′ be an isogeny.

(a) Show that the associated field extension K(E)/K(E′) is Galois with

Gal(K(E)/K(E′)) ∼= E[ϕ].

[Facts from algebraic geometry may be assumed without proof, provided they are
stated clearly. You may assume that ϕ is a homomorphism.]

(b) Let n = deg(ϕ) and denote by ϕ̂ : E′ → E the dual isogeny. Define a map

E′[ϕ̂] −→ K(E′)× ∩K(E)×n

K(E′)×n

and prove that it is a well-defined, injective homomorphism. Define the Weil pairing
eϕ : E[ϕ]× E′[ϕ̂] → µn and give an explicit formula for it.

[Denote by η : E → cl0(E) the map given by P 7→ [(P ) − (0)] and denote by η′ the
corresponding map for E′. You may assume that η and η′ are isomorphisms of abelian
groups and that the diagram

E′ ϕ̂ //

η′
��

E

η
��

cl0(E′)
ϕ∗
// cl0(E)

is commutative.]

(c) Let m ⩾ 2 be a positive integer, possibly distinct from n = deg(ϕ). Show that,
for all P ∈ E[m] and Q ∈ E′[m], we have

em(ϕ(P ), Q) = em(P, ϕ̂(Q)).

[Hint: when applying the explicit formula for em to the right hand side, note that
by commutativity of the diagram in (b) there exists h ∈ K(E)× with ϕ̂(Q) − (0) =
ϕ∗((Q)− (0)) + div(h).]
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