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(a) Show that for every € > 0 there exists C. > 0 so that the following holds. If G ~ G(n, p)
and p = (1—¢)/n then the largest connected component of G has at most C; logn vertices,
with high probability.

(b) Again let p = (1 — €)/n. Show that every component of G ~ G(n,p) of size at most
(1/3)logn contains at most one cycle, with high probability.

(c) Let p(n) € (0,1) be a decreasing sequence with the property that if G,, ~ G(n,p(n))

lim P(G, D> Cy) = 1.

n—0o0

Show that if Gy, ~ G(n,3p(n)) then
lim ]P’(Gn D Cypforall3< /i< n) =1.

n—oo

2
(a) Show that

B\ /3
Ki) > ,

for some constant ¢ > 0.

(b) State the “lopsided local lemma” and use it to prove
R(Cy, K) = Q(k*3Te),

for some ¢ > 0. [You may assume the lopsided local lemma.]

(c) For £ > 4, let Hy be the graph which consists of a path on £ — 1 vertices and another
vertex which is joined to all the vertices of the path.

Show that for all £ and k sufficiently large (depending on /), we have

k>

Hy, K < I 1.0
R(Hy, Ky,) Clogk

for some constant C' > 0. [You may assume results proved in the lectures, provided they
are stated correctly./
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(a) State Szemerédi’s regularity lemma. Be sure to define the relevant terms first.

(b) Show that for every € > 0 there exists n(e) so that if n > n(e) and A C [n] with
|A| > en then there exist distinct a, b, ¢, d, e € A so that a + b+ c+ d = 4e.

(c) Say that a graph G on n vertices is (p, d)-dense if e(A, B) > p|A||B| for all |A|, |B| = dn.

Show that for every € > 0 there exists 0 > 0 so that the following holds. If G is (p, §)-dense
with p > § then G contains a subgraph G’, with V(G) = V(G’) and such that

lecr (A, B) — p|A||BI| < en®,

for all disjoint A, B C V(G’).

4

(a) For a graph H, define the Ramsey number R(H ). Show that if H has minimum degree
d then
R(H) > 292,

(b) Show that if H is a bipartite graph on k vertices with maximum degree d then

R(H) = O(d*k).
(c) Let G be a bipartite graph with bipartition A U B and e(G) > p|A||B|, where
p € (1/3,1]. Show that for all ¢ < min{|A|,100log|B|} there exist distinct vertices

xr1,...,0; € A with
IN(z1) N~ NN ()] = pt\B]/Q.

Now use this to show that R(K;;) = O(t2").
(d) Show that R(Kj;) = O((log k)2%).

[Hint: It may be useful to first find xz1,...,x¢, where t = k — Clogk, with
IN(x1) N -~ N N(xt)| = 270 in some colour.]

END OF PAPER
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