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1 Suppose X is a closed subset of CP? defined by the vanishing locus of a non-zero
homogeneous polynomial F' € C[Zy, Z1, Z2] of degree d > 2.

(a) Show that if grad F(p) # 0 whenever F(p) = 0 for p # 0, then X is complex
submanifold of CP? with complex dimension 1.

(b) State the adjunction formula for X and determine the first Chern class ¢;(T’x)
as a class in H(X;Z) C H*(X;R).

(¢) Let wrg be the Fubini-Study form on CP?. Define what is meant by a Kdhler
form and show that the restriction wy := wpg|x gives a Kéhler form on X.

(d) Let V be the Chern connection on Tx of the Hermitian metric associated to
wx. Show that iFy = Awx for some smooth function A € C*°(X;R) and determine

1
or . A dvol,

in terms of the degree d of F.

(e) What is A in terms of the metric ¢g associated to the Kéhler form wy on X7
[There is no need to prove your answer].
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2 Suppose A C C" is a discrete additive subgroup of C" that is isomorphic to Z2"
(called a lattice). Consider A acting on C™ by translation, that is, we define the group
action by (A, z) — z+ X for A € A. Call the quotient space X and the projection map
m:C" = X. We call X a complex torus.

(a) Show that X has the structure of a compact complex manifold, with a natural
Kahler form wx so that n*wx = wy, the standard Kéahler form on C".

Suppose a € C®(X, A\PIT*X) is given by

o= ZO&]J(Z, Z)dzr Ndzy
1,J

where the sum is taken over all index sets I = {i1,...,ip} and J = {j1,...,jq} with
1<y < <ip<nand1<j < - <jg<n

(b) Show that Aa = 0 if and only if every ay, s is constant.

(c) State the Hodge decomposition theorem for the de Rham cohomology of a
compact Kéhler manifold and determine hP4(X) for a complex torus X.

Recall if « is a closed 1-form representing a class in H(X; C) and v a smooth curve
representing a class in Hy(X;Z), then the cap product ~: Hy(X;Z) ® H'(X;C) — C is

given by
mﬁmzﬁw

(d) Use this to prove that there exists a pair of diffeomorphic but not biholomorphic
complex manifolds of dimension n (for every n > 1).
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3 Suppose that X is a smooth manifold with almost complex structure J.
B (a) Define the complex vector bundles APYT*X and the differential operator
0 : C®(X, \PAT*X ) — C°(X, \PITIT*X).

(b) Prove that .J is integrable if and only if 92f = 0 for all smooth functions
f: X—>C.

Now suppose X is a complex manifold (i.e. J is integrable) and that E is a smooth
complex line bundle. We say a complex-linear map dg : C*(X, E) — C®(X, A" T*X®F)
is a partial connection if it satisfies the Leibniz rule

5E(fs) = (5f) ® s+ féES

for any smooth section s of E and smooth function f : X — C.

(c) Explain how to extend the partial connection 0g to a complex-linear map
Op : C®°(X,\PIT*X @ E) — C®(X,\PITIT* X ® E)

satisfying a graded Leibniz rule, and prove that the square 5% is linear over C*°(X, C).

(d) Show that if E is a holomorphic line bundle over X then there exists a well-
defined partial connection 0 so that 8% =0.
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4 Let X be a compact complex manifold, and suppose Z C X is a codimension-r
(smooth closed) complex submanifold.

(a) Define the Dolbeault cohomology of X and explain why Z defines a class [Z] in
H™(X)NH?(X;Z) Cc H(X;C).

(b) Suppose D;, Dy are two smooth complex hypersurfaces in X that are linearly
equivalent. Show that there exists a holomorphic map p : X — CP! so that D; = p~1(0)
and Dy = p~!(c0). Conclude that [D1] = [Dz] in Dolbeault cohomology.

(¢) Suppose 7 : X — CP? is the blowup of CP? at a point p € CP?. Show that X
is independent of the choice of point p, up to biholomorphism. Moreover, show that if D,
and Do are two smooth irreducible hypersurfaces that are linearly equivalent in CP?, then
7~ YD) and 7~ 1(Ds) are linearly equivalent in X.

(d) Determine the dimensions 29(X) of the Dolbeault cohomology groups H?(X).
[Hint: ba(X) = 2.]
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