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1 Let M be an n-dimensional embedded submanifold inside R™*™. (a) State the
definition of the second fundamental form. Explain why the second fundamental form
A(X,Y) is symmetric. (b) State without proof the Gauss-Codazzi equation. (c) Use this
to prove that the sectional curvature of the unit sphere S™ with the round metric is equal
to one. Compute the scalar curvature of S™.

2 Let (M, g) be a compact oriented Riemannian manifold, and let f : M — R be a
smooth function. (a) Describe how the metric g induces the volume form on M. For a
smooth function u : M — R, we define the energy functional

1
E(u) = 3 /M \Vulgdvol — /M fudvol.

Write out the energy functional in local coordinate notation. (b) Suppose w is a minimizer
of the functional, derive the Euler-Lagrange equation, written in local coordinates. (c)
When the minimizer exists, deduce [ o Jfdvol = 0.

3 Let G = Sp(2n,R) = {A € Malanxon(R) : ATOA = 2}, where ) = <—OI [6l> .

(a) Check that G is a group. Prove that the group G is an embedded submanifold of the
vector space Mata,xon(R) of 2n x 2n real matrices; state carefully the result you use. (b)
Compute the dimension of G. (c¢) Prove that the multiplication map G x G — G is a
smooth map.

4 (a) State the definition of minimal surface. State without proof the first variation
formula for the area of an n-dimensional embedded submanifold M inside the Euclidean
space R be precise about your sign convention.

(b) Given any smooth function f : R"*™ — R, state and prove the formula to
compute the Laplacian on a submanifold M, given the information on the submanifold
and the ambient derivatives of f.

(c) Prove that there is no compact minimal surface inside R”*" using the maximum
principle.

END OF PAPER

Part I1I, Paper 115



