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1 Let C• be a chain complex consisting of free abelian groups and n ∈ Z \ {0}.
Construct long exact sequences of the form

· · · −→ Hi(C•) −→ Hi(C•) −→ Hi(C• ⊗ Z/n) β̂−→ Hi−1(C•) −→ · · ·

and

· · · −→ Hi(C• ⊗ Z/n) −→ Hi(C• ⊗ Z/n2) −→ Hi(C• ⊗ Z/n) β−→ Hi−1(C• ⊗ Z/n) −→ · · ·

describing precisely all the maps involved. [You may use any results from lectures providing
that they are clearly stated.]

Explain why there is a map relating the two long exact sequences you constructed,
and hence prove that β2 = 0. Let βH∗(C•;n) denote the homology of the chain complex
given by the sequence of abelian groups H∗(C• ⊗ Z/n) with differential β.

Compute βH∗(C∗(RP3); 2). [You may use any facts about the homology of RP3 with
any coefficients as long as they are clearly stated.]

Suppose that C• consists of finitely-generated free abelian groups, and p is a prime
number. By explaining how to decompose C• as a direct sum of simple chain complexes,
show that:

(i) a Z-summand of Hi(C•) contributes a Z/p-summand to βHi(C•; p),

(ii) a Z/m-summand of Hi(C•) contributes a Z/p-summand to both βHi(C•; p) and
βHi+1(C•; p) if p2|m, and contributes nothing if p2 ̸ |m.

2 Describe the calculation of the cohomology groups and cup products of the oriented
surface Σg of genus g. [You may use any results from the course, including the calculation
of the (co)homology of spheres.]

Consider the space X formed by attaching a 2-cell to Σ2 along the loop which goes
along b1 then along b2, then backwards along b1 and then backwards along b2, in the
following picture:

b1 b2

Determine the cohomology ring of X.
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3 Let R be a commutative ring. What does it mean to say that a d-dimensional vector
bundle π : E → B is R-oriented? State the Thom isomorphism theorem, and describe the
Euler class and Gysin sequence. [You do not need to derive the Gysin sequence.]

Calculate the ring H∗(CPn;Z/2), and write down the ring H∗(RPm;Z/2).

Determine the Z/2-Euler class of the 2-dimensional real vector bundle

γC1,n+1 ⊗R γR1,m+1 −→ CPn × RPm.

[You may use the Künneth theorem, as well as the identity e(E1 ⊕E2) = e(E1) ⌣ e(E2).]
When (n,m) = (2, 2), use this to compute the Z/2-cohomology groups of the unit sphere
bundle X := S(γC1,3 ⊗R γR1,3).

4 State the Lefschetz fixed point theorem.

Let f̃ : R2 → R2 be a smooth map which is Z2-periodic in the sense that it satisfies:

1. f̃(0) = 0,

2. f̃(x+ v)− f̃(x) ∈ Z2 for all x ∈ R2 and all v ∈ Z2.

Let f : R2/Z2 → R2/Z2 denote the induced map.

Show that the function A := f̃ |Z2 : Z2 → Z2 agrees with

f∗ : H1(R2/Z2;Z) −→ H1(R2/Z2;Z),

under an identification of the abelian group H1(R2/Z2;Z) with Z2 which you should
describe, and hence deduce that A is a homomorphism.

Now suppose in addition that µ > 1 is such that

3. |f̃(x)− f̃(y)| ⩾ µ · |x− y| for all x, y ∈ R2.

Show that f has at least (µ− 1)2 fixed points.

[You may use the following fact from linear algebra: if a real matrix B satisfies
|Bv| ⩾ λ|v| for all real vectors v, then every eigenvalue λi of B satisfies |λi| ⩾ λ.]
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