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1 Let u € C*°(Q2) be a harmonic function on a domain 2 C R™.

(a) State the mean value property for w. Use this to infer that u satisfies the strong
maximum principle.

(b) Prove that if B,(xg) C £ then

C
Duao) < Y sup

By (zo)

(c) Prove the following version of Liouville’s Theorem: if u € C*°(R™) is harmonic, and
if there are a € (0,1), k € N and C > 0 such that |u(z)| < C(1 + |z[*+®) for all
x € R”, then u is a polynomial of degree at most k.

2 Let Q C R™ be a smooth bounded domain, o € (0,1) and A > 0. Suppose that
aij € C%(Q) are coefficients satisfying a;;(x) = aji(z) and a;j(z)&&; = NEJ? for all z € Q

and all £ € R". Consider a function f € C*(Q).

(a) Show that there exists a solution u € C*%(2) to the boundary value problem

aijﬁiju == f in Q
u=20 on Of).

[You may assume that this holds for a;; = 6;5, and any estimate proved in the
lectures, if properly stated.]

(b) Let now Q' C Q be another smooth bounded domain, with Q' # Q, and suppose
that there exists a point yo € 00N, that is, the boundaries of the domains touch
at yo. Let v € C*(Q) solve

aijﬁijv = f in
v=20 on ¢,

and let v € S*~! denote the common outer unit normal vector to  and Q' at .
Suppose in addition that f > 0 in Q. Show that D,u(yg) # D,v(yo).

[You may assume any results from the lectures if properly stated.]
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3 Let Q C R"™ be a smooth bounded domain.

(a) Define the Campanato spaces LPF(Q) for 1 < p < oo and g > 0 and state their
relation to the Holder spaces C“(92).

(b) Show the following variant of the Schauder regularity theorem for divergence
equations with Holder continuous coefficients: if a € (0,1), a;; € C*(B1) satisfy
aij(x) = aji(x) and a;;(x)&E; = AEJ? for all z € By and € € R™ (where A > 0 is a

constant), and u € C*(B) solves 0i(a;j0ju) = 0 in the weak sense, that is,
/ aij(2)Oip(x)dju(z)dz =0 Ve € CP(By),
By

then u € C1*(By ).

[Hint: use the fact that, since u € C1(By), |Du| < L for some constant L > 0. You
may use the decay estimates for solutions to constant coefficient equations with zero
right hand side and the iteration lemma seen in the lectures, provided that you state
them correctly. You may also use without proof the estimate

1
Vw2</F2
[rvur <5 (17

satisfied by w € Wol’Q(Q) solving div(BVw) = div(F'), where B is constant and
(BE,€) = NEP]
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Let Q C R" be a bounded domain, F' € C%*(R") strictly convex, and Flu] :=

Du(z))dz the corresponding functional. Moreover let g: R® — R be a given

Lipschitz function.

(a) Denote Lip (2, k) = {u € Lip(Q) : u = g on 98, Lip(u) < k}. Show that F attains

its infimum in this class at an element w.

(b) Let u be the function obtained in (a). Show that, if Lip(u) < k, then u is a minimiser

of F in Lip,(2) = {u € Lip(2) : u = g on 9Q}.

We say that the function g satisfies the bounded slope condition with constant

K > 0 if, for every zg € 99, there are two affine functions b} , b with Lipschitz constant
at most K and such that

o’ U xTo

b, <g< b;o on 0,

o

with equality at xg. For short we say that ¢ has (BSC)g if this holds.

()

Show that, if g € C?(R") and Q = B;(0) then g has (BSC)g for some K.

[Hint: use the identity |x —xo|? = 22¢ - (xo —x) for x,zq € O together with Taylor’s
theorem.]

Now let £ > K and let u be a minimiser of F restricted to Lip, (€2, k) as above.

Show that if g has (BSC)k then Lip(u) < K.

[You may assume that the comparison principle holds for minimisers of F restricted
to the class Lip, (2, k). You may also use without proof the fact that, for a minimiser
u of F restricted to Lip, (€2, k), if

Vo e QVy € 02 |u(x) —u(y)| < K|z —y,
then Lip(u) < K holds.]

Let F(£) = \/1 + |€]2 be the area integrand, Q = B;(0) and g € C?(R"). Show that
F has a minimiser in Lip,(£2) and it is smooth in the interior of Q.

[You may assume results from lectures if clearly stated.]
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