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1 Define the notions of (Schauder) basis and basis constant. [You do not need to
prove that the basis constant is finite.]

Let (en)
∞
n=1 be a basis of a real Banach space X. Show that X is isomorphic to the

space Y of real sequences defined as follows:

Y =
{
(an) :

( n∑

k=1

akek

)
n
is convergent in X

}

with norm ∥(an)∥ = supn
∥∥∑n

k=1 akek
∥∥.

Define the dual basis (e∗n) of (en) and show that it is a basic sequence in X∗. Show

also that if Pk denotes the kth basis projection of (en), then P ∗
k (x

∗) w∗
−→ x∗ for all x∗ ∈ X∗.

[Standard criteria for bases can be used without proof.]

Show that if X is reflexive, then (e∗n) is a basis of X∗. Does the converse hold?
Justify your answer.

Show that if (e∗n) is a basis of X∗, then X∗∗ is isomorphic to the space Z of real
sequences defined as follows:

Z =
{
(an) : sup

n

∥∥∥
n∑

k=1

akek

∥∥∥ < ∞
}

with norm ∥(an)∥ = supn
∥∥∑n

k=1 akek
∥∥. [Results about the weak-star topology may be

used without proof.]
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2 (a) Define the spectrum σA(x) of an element x of a (complex) algebra A. Prove that
if A is a Banach algebra, then σA(x) is a non-empty compact subset of C. [Elementary
properties of the group of invertible elements of a unital Banach algebra can be assumed
without proof.]

(b) What is a character on an algebra A? What is the character space ΦA of A?

(c) Let A be a Banach algebra. Show that characters on A are continuous. Define
the Gelfand topology on ΦA. Show that if A is a unital Banach algebra, then ΦA is compact
in the Gelfand topology.

(d) Describe, without proof, the character space of the Banach algebra C(K) of
complex-valued continuous functions on the compact Hausdorff space K.

(e) Let A = C0(R), the algebra of complex-valued continuous functions f on R
that vanish at infinity: f(x) → 0 as |x| → ∞. Prove that ΦA = {δx : x ∈ R}, where
δx(f) = f(x) (x ∈ R, f ∈ A). [You may assume the existence of a homeomorphism
τ : R → T \ {1} with τ(x) → 1 as |x| → ∞.]

(f) Let A = C(R), the algebra of complex-valued continuous functions on R.

(i) Prove that ΦA = {δx : x ∈ R}. [Hint: Given φ ∈ ΦA, first show that on
C0(R), φ = δx for some x ∈ R. It might be helpful to consider the functions
t, 1

t2+1
and t

t2+1
. Then for h ∈ A with h ⩾ 0 on R, consider 1

h(t)+t2+1
.]

(ii) Prove that there is no complete algebra norm on A.

(iii) Assume now that A has an (incomplete) algebra norm ∥·∥, and let B be
the completion of A. Show that

K = {x ∈ R : δx is continuous with respect to ∥·∥}

is homeomorphic to the character space ΦB of B.

(iv) Deduce that C(R) cannot be given any algebra norm. [Hint: Consider
suitable non-zero functions a, b ∈ A with ab = 0.]
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3 Let K be a subset of a Banach space X. Prove that if K is bounded, 0 /∈ K
and 0 ∈ K

w
, then K contains a basic sequence. [Standard criteria for bases can be used

without proof.] State, but do not prove, a generalisation of this result in which the weak
topology is replaced by a weaker topology. Give an example of such a topology in the
case X is not reflexive, and explain briefly why the example can be chosen to be strictly
weaker than the weak topology.

Prove the Eberlein–Šmulian theorem: K is relatively weakly compact in X if and
only if every sequence in K has a subsequence that converges weakly in X.

Show that if K is weakly sequentially compact and x ∈ K
w
, then there is a sequence

in K converging weakly to x. Deduce that K is weakly compact if and only if K is weakly
sequentially compact.

[Standard results about the weak topology and the weak-star topology may be used
without proof.]

4 Let T : X → Y be a linear map between Banach spaces. What does it mean to say
that T is weakly compact? Show that if T is weakly compact, then T is bounded.

Let T ∈ B(X,Y ). Show that T is weakly compact if and only if T ∗ is weakly
compact. Show also that the set W(X,Y ) of all weakly compact operators from X to Y
is a closed subspace of B(X,Y ) with the ideal property.

State and prove the Krein–Šmulian theorem.

Show that if X or Y is reflexive, then B(X,Y ) = W(X,Y ). Show that if X = ℓ1
and Y is not reflexive, then B(X,Y ) ̸= W(X,Y ). Must it always be the case that
B(X,Y ) ̸= W(X,Y ) whenever X and Y are both non-reflexive?

END OF PAPER
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