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(a) State the tensor-Hom adjunction isomorphism and describe the isomorphism expli-
citly.

(b) Prove that this isomorphism is natural in the left argument.

(¢) A non-zero R-module M is called a brick if every R-module endomorphism f: M —
M is either zero or an isomorphism.

(i) Is every brick a simple module? Justify your answer.

(ii) Show that if L, N are two bricks with Homp (L, N) = Hompg(N, L) = 0, then
if0 = L - M — N — 0is a non-split short exact sequence, then M is also
a brick.

[You may use without proof that if f and h are isomorphisms in the following
commutative diagram, then so is g.]

0 L M—>5N 0
I
0 L M—>5N 0

(a) Given an ideal I of a ring R, what is a minimal primary decomposition of 7
(b) State and prove the Second Uniqueness Theorem of Primary Decomposition.

(¢) Let R be a Noetherian ring with M a finitely generated R-module.

A submodule N of M is called primary if N # M and for any r € Rand m € M\ N,
if rm € N, then there exists a positive integer k such that r*M C N.

If Ann(M/N) is a primary ideal, is N a primary submodule of M? Justify your
answer.
(d) Let I be a primary ideal of R, with ¢ a formal variable over R.

Show that € is a primary ideal of R[t], where extension is along the natural inclusion
R — RJ[t].
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(a) State the Going-Down Theorem.

(b) Suppose that R C A are integral domains satisfying the assumptions of the Going-
Down Theorem.
Let p be a prime ideal of R, with p¢ its extension along the inclusion R — A.
Show that if y € p®, then the minimal polynomial of y over Frac R has non-leading

coefficients in p.

(c¢) Let R be a ring, with A and A’ two R-algebras. Show that if A is integral over R,
then A ®@p A’ is integral over A’.

(d) Let R be aring, with A an R-algebra and p € Alty,...,t,] a polynomial. Show that
p is integral over Rlti,...,t,] if and only if its coefficients are integral over R.

(a) How is the inverse limit of an inverse system ((IV;)ier, (gij)i<;) defined?

(b) State the definition of equivalence for a pair of filtrations of an R-module M. Show
that any two stable I-filtrations of an R-module M are equivalent.

(c) A filtered ring is a ring R with a filtration (R,)n>0 of R as an R-module such that
Ry Ry C Ryyyn for all m,n.

Given a module M over a filtered ring R as above, its induced filtration is (M,,)n>0
where M, := R, M.

Now let N be a submodule of M.

(i) Is the filtration (M, N N),>o always the induced filtration of N7 Justify your
answer.

(ii) Is the filtration ((M, + N)/N)n>o always the induced filtration of M/N?
Justify your answer.

(d) Now let R be a Noetherian ring. Let I, I’ < R with I C I’. Anideal J < R is called
a separating ideal for (I, I")if I=1"N(I+J).

Now let J be a separating ideal for (I, I’) as above. Show that if » € /(I : I'), then
there exists a positive integer m satisfying I = I'N (I + J + (r™)).
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(a) Let (R, m) be a Noetherian local ring.

(i) Define the characteristic polynomial of an m-primary ideal I.

(ii) Show that this polynomial has degree bounded by the number of generators
of I. [You may use standard results on Hilbert polynomials.]

(b) Let K be a field. Consider the graded ring

Klz,y,t1,...,tn)
(@ —yb)

where degx = degy = 1, degt; = i and K is in degree zero.

R=

Compute the Poincaré series of R as an R-module with respect to the additive
function given by length as an Rp-module. You should justify the steps of your
calculation and give your answer as a rational function expressed as a single fraction.

(c) Now let p1,pa,...,pn be distinct prime numbers. Consider the graded ring

— pl---anZ [tlu e tn]
(pltl, e ,pntn)

)

where t; all have degree one and elements of 5 L

TR have degree zero.

(i) Compute the Poincaré series of R as an R-module with respect to the additive
function given by length as an Rg-module. You should justify the steps of
your calculation and give your answer as a rational function expressed as a
single fraction.

(ii) Comment on the degree of the polynomial in the denominator of this rational
function.
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