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1 Let Q = T3 := (R/LZ)3 be a fundamental periodic domain in R3, and let

H= {v € (L2,.(Q) V-v= 0} :

and

V= {v € (Hpee(Q)?] Vev= o} ,

with |-| and ||-|| denoting the norms of the spaces H and V respectively. We denote by
B(u,v) the bilinear operator B : V x V' — V' defined by

(B(u,v),w)yrxy = /Q(u(x) -Vu(z)) - w(z)dz, for every wu,v,w € V.

Recall that D(A) = (ngr(Q))?’ NV is the domain of the Stokes operator A, where
A = —A in this setting.

Suppose that {¢1, @2, - } is an orthonormal basis of the Hilbert space H consisting
of eigenfunctions of the Stokes operator A, that is Apr = Ay for k = 1,2,---, with
0 < A1 < A2 < ---, repeated according to their multiplicities. Furthermore, denote by

Hn = Span{@la P2, 790n}a

and by P, the orthogonal projection P, : H — Hy,, forn =1,2,---.

Let N be a fixed positive integer. Consider the following system in R3, subject to
periodic boundary condition with fundamental domain €2,

%u—uAu+(PNu)-Vu+Vp:O,
V-u=0,

u(0,x) = up(z).
Or equivalently we consider the evolution equation

% + vAu+ B(Pyu,u) =0, (%)

with initial value u(0) = up.

(a) (i) Show that
| Prwl| < A%Q |Pyw|  for everyw €V,
(ii) and that there exists a positive scale invariant constant ¢, such that:
[Pnw| s ) < c)\}f‘ |lw| for everyw €V,
(iii) moreover, that

[{B(Pnu,v), w)yr«y]| < c/\]l\;4 lul ||v|| [|w], for everyu,v,w € V.
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(b) Let up € H and let m > N be an arbitrary integer. Consider the following Galerkin
approximation scheme in H,, for equation (x):

%um + vAuy, + P B(PNup, tn) =0, (k)

with initial value u,,(0) = Py,ug.

(i) Explain briefly why for every T' > 0 the initial-value ODE system (xx) has a
unique solution in the time interval [0, 7.

(ii) Demonstrate that for every T > 0, there are positive constants Ko(T'), K1(T)
and K{(T"), independent of m, such that the solution u,, of the Galerkin system
(#) satisfies:

||um||L°°((0,T);H) < KO(T) )

||um||L2((O,T);V) < Ki(T),

and

dum,

zm < KN(T).

(c) Let us denote by Hyeax the Hilbert space H endowed with its weak topology. Use
the above to prove that for every T' > 0 and every choice of initial data ug € H there
exists a global weak solution, u, to system (%) satisfying:

(i)

L2((0,7);V")

u € €0, ) Huews) [V E2(0, 1) ) (YE(O.7): V), and 5% € L2((0.7):V'):

and that (*) holds in L2((0,7); V).

(ii) Moreover, show that the weak solution, u, of system (x), which was established
above, satisfies the energy equality:

1 2 ¢ 2 1 2
5 1O+ [ (] dr = 3 uof?,
0

for every t € [0,T7;

(iii) and that
ue C(0,T]; H).

(iv) Demonstrate that the weak solution is unique.
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2 Let Q = T3 := (R/LZ)3 be a fundamental periodic domain in R3, and let

H = (L3e:())°, and V= (Hp(2)),

per

with |- | and || - || denote the norms of the spaces H and V, respectively. Moreover, we
denote by V' the dual space of V.

We set the bilinear operator B(u, v) to be the map B:V xV = V' defined by the
following formula:

(Blu, v),w) 1y r = /Q (u(x) - Vo(a)) - w(e) + (V- u(@)e(a) - w()dz, ()

for every u,v,w € V.

Moreover, let the operator A = —A with domain D(A) = (ngr(Q)) , and assume

that A can be extended uniquely to a linear operator A:V > V. We set {Y1,92,---}
to be an orthonormal basis of H consisting of elgenfunctlons of the operator A, that is
A¢k = pupp for £ = 1,2,---, with 0 < p; < po < ---, repeated according to their
multiplicities. Furthermore, set

-E[n - Span{wla ¢27 Tt 7¢n}7

and denote by P, the orthogonal projection P, : H — H,,, forn =1,2, - - -

Suppose f € H and consider the following nonlinear steady state equation in R3,
subject to periodic boundary condition with fundamental domain €2,

—vAu+ (u-V)u+ = (V u)u = f. (1)

(a) (i) Show that the bilinear operator B(u,v) given in equation (1) is well defined,
and that there exists a dimensionless constant ¢ > 0 such that

N 1/2 1/2 1/2 1/2 —1/4
(Bu,v), whgr | < elul ™ ul V2 |[o]] + o] ol Y2 ul) w]l < ey ™ full o] Jw]]
u,v,wef/.

(ii) Show that

<B(u,v),w>‘~/,x‘~/ = —(B(u,w),v)p/ .y, forevery w,v,we V.

(b) Consider the following Galerkin approximation scheme in H,, for equation (1), for
m=1,2,---:

VAU + P B(tm, tm) = Py f. (1)

(i) Show that there exists R > 0, which depends on |f|,v and pj, but is
independent of m, such that all the solutions of (1) satisfy

[um| < R
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(ii) Prove that for every m = 1,2,--- the nonlinear system (i) has a solution in
Hy,.
[Hint: You may want to consider the map ®,, : ﬁm — f[m defined by

D, (v)=—v— (Vfl)_llsmé(v, v) + (1/;1)_1]5mf,

and show, by quoting a lemma based on the Brouwer fixed point theorem, or
otherwise, that there is v* € H,, such that ®,,(v*)=0 |

(c) (i) Use the above to show that there exists u € V with ||u|| < R which satisfies the
following equation

vAu+ B(u,u) = f, (1%)
in V.
(ii) Demonstrate the following regularity result: the solution, u, established above
for equation (*) belongs to D(A) and that equation (%) holds in H.

END OF PAPER
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