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In linearised theory, we consider spacetimes perturbatively close to Minkowski such
that the metric in Cartesian coordinates z® = (t, z, y, z) is given by

Jap = Nap + hoz,@v Nap = dia'g(_la 17 17 1) .

Here the metric perturbation is small, hog = O(€) with € < 1, and we ignore terms
quadratic or higher order in h,g. In the following you may use without proof that the
Levi-Civita connection and Riemann tensor associated with a metric g,g are

1
6y = §gap (089~p + 07908 — Opgpy) »

R \pop = 8QFZB - 05F3a + Fﬁﬂfza — FgaFZ,B .

(a) Writing the inverse metric as g®# = n® 4 k%8, compute k*? in terms of hag-

(b) Compute the Levi-Civita connection I'z, and the Riemann tensor Ry, to
linear order in h,g. Show that the components R, ,, are invariant under coordinate
transformations ¢ = % — %, where the vector field £¢ is small, £¢ = O(e).

(c) Consider the metric gog = 103 + hap With

htt = hm = hty = htz = 07

2 _ 2 2(,2 22 20,2 22 2 22 20,2 22
hee = |S 2 S TE O] T E W) g [y 27 ST
r T T r r
2 _ .2
hxy - W(A—ZB-FC),
Tz
he: = 720 +2%) A+ (—2% +3y° + 2 B — (0 + 22 + 3y)C],

22—y 2222 4 22) y2(222 + 22)3 N _a;2 19,2 . y2(222 + 22)

hyy = 2 + A A=2 ra r2 rd &
he = L2 422 A - (30— + )B4 (322 422 +4))C]

4 .4 20,2 .2 2 2\, 2 2
h., = g 4xA_22(x4y)B+(33 y)y +Z)C’

T T T

where r = /22 + y2 + 22 and A, B, C = O(¢) are perturbatively small functions of ¢ —r.

(i) You may assume without proof that for this metric dp,hi, = 0. Briefly
deduce that consequently 0”h,, = 0. Show that the metric perturbation
also satisfies n*”h,,, = 0 and, hence, is in transverse-traceless gauge.

(ii) Consider an observer located in this spacetime at x = y = 0, z — 0.
Compute the metric perturbation at the location of this observer and thus
determine the gravitational-wave polarizations hy and hyx seen by this
observer. Briefly interpret your results.
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In the 341 formalism, the energy density, momentum density and stress tensor are
defined in terms of the energy momentum tensor 7}, by

p = Tun'n", Jo ==L Tn”, Sap = 1Mo lVgT,, .
Here, n, is the timelike unit normal of the spacetime foliation and 1*, = 0¥ + n¥n, is
the projector onto spatial hypersurfaces.
(a) Show that
Taﬁ = pnang + jang + najg + Sag .

(b) Show that the contracted spatial covariant derivative of the stress tensor can be
written as
D,SFy = 1P, 1F;17,V,87 =17V, 5" —a;5% ,

where the acceleration vector a, is related to n,, in a form you should write down explicitly.

(c) Show that the Lie derivative of the momentum density along the unit timelike
normal, Ly jo == 1tV jo + juVant, satisfies

L% Lnja = Lnjs -

(d) Starting from the conservation of energy and momentum, V,T*, = 0, show
that the 3+1 evolution equation for the momentum density can be written as

Lnjo = CID/.LSNOL + CQS'uaa,u + 3K jo + capag (T)

where K := K", is the trace of the extrinsic curvature K, and c1, c2, c3, ¢4 are constants
you should determine. [Hint: You may use without proof that K, o = =V, ne — nyaq .|

(e) The timelike unit normal and the acceleration vector are related to the lapse
function and shift vector by

1
B— (9 — B — )
n Oé( t B) ) ay
Use these relations to substitute for the Lie derivative in Eq. (f) and write the 3+1

evolution equation for the momentum density in the form 0;j, . where you should
determine and simplify as possible the right-hand side.
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In Schwarzschild coordinates, the metric for a black hole spacetime of mass M is
ds? = — (1- %) de® + (1- %)_1 dr? +r%(d6* +sin?0d¢?), teR, r>0.

The maximal extension of this spacetime is obtained by transforming to Kruskal-Szekeres
coordinates ¢, 7 related to r and ¢ by

:tanhﬁ for r > 2M, :tanhﬁ for r < 2M,

Sl
=3

I 5Y

2—7’2——621\4(7’—2]\4).

(a) Sketch qualitatively in the plane spanned by (£,#) the curves of constant ¢ and
those of constant r, including in particular the curves r = 2M and r = 0.

(b) Consider an observer starting from rest, F=0,at 7 =0, =0, freely falling into
the black hole. Let n* denote the future pointing timelike unit normal of a foliation of a
numerical simulation using geodesic gauge, i.e. lapse o = 1 and shift 5° = 0, starting with
initial data given by the hypersurface ¢ = 0 of the Kruskal-Szekeres spacetime. Using the
relation nV,n, = 0, show that the observer moves with four-velocity u# = n*. [Hint:
The Kruskal-Szekeres metric is diagonal.]

(c) The geodesic motion of the observer in Schwarzschild coordinates obeys

2M
—Er 4t =14
r
where a dot denotes differentiation with respect to the observer’s proper time 7 and F is
a constant. Show that the observer reaches r = 0 at 7 = M=. Briefly comment on the

implications of this result for the long-term stability of numerical simulations performed
in the geodesic gauge. [Hint: [ Vel —x)+ arcsmf} Vs

(d) In the BSSN formulation of the Einstein equations, the time evolution of the
trace K of the extrinsic curvature is given in terms of the inverse spatial metric ™"
the spatial covariant derivative D,,, the conformal traceless extrinsic curvature zzlmn, the
energy density p and the trace S of the stress tensor by

="K — ™" DpDpa+ (flmnflm" + %K2> +4ra(p+ 9).
(i) Show that for geodesic gauge, the energy condition p + S > 0 implies
K >0

(ii) Neglecting the term A A™ | assuming vacuum and using geodesic gauge,
derive an ordinary differential equation for K. Solve this differential
equation for the initial condition K = Ky at t = tg, where K| is a positive
constant, and compute the time t,, when K becomes infinite.

END OF PAPER
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