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(a) State and prove the Paley-Wiener-Schwartz theorem.

(b) Let P : C → C be a non-constant polynomial. Consider the differential equation

P (D)u = v ∈ S ′(R).

(i) Show that if v has compact support, then there exists a solution u ∈ E ′(R) if
and only if z 7→ v̂(z)/P (z) is an entire function.

(ii) If v has compact support but z 7→ v̂(z)/P (z) is not entire, does this preclude
the existence of a solution u ∈ S ′(R)? Justify your answer.
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(a) Let X ⊂ Rn be open. Define the Sobolev space Hs(Rn) and the local Sobolev space
Hs

loc(X). For polynomial P , what does it mean to say the operator P (D) is elliptic?

(b) State, without justification, which of the following are true and which are false:

(i) If φ ∈ S(Rn), u ∈ Hs(Rn) then φu ∈ Hs(Rn).

(ii) If s > t then Hs(Rn) ⊂ Ht(Rn).

(iii) If P (D) is elliptic then P (λ) ̸= 0 on Rn \ {0}.
(iv) P (D)[fg] =

∑
α

1
α! [D

αf ][P (α)(D)g].

(v) If u ∈ Hs(Rn) and s > n/2 then u ∈ C(Rn).

(vi) If u ∈ S ′(Rn) then u ∈ Ht(Rn) for some t ∈ R.

(vii) If u ∈ E ′(Rn) then u ∈ Ht(Rn) for some t ∈ R.

(viii) If u ∈ Hs(Rn) then Dαu ∈ Hs−|α|(Rn).

Here P (α)(λ) ≡ (DαP )(λ).

(c) Let Q be an Nth order polynomial in n variables. Suppose that there exists a δ ∈ (0, 1)
such that |Q(α)(λ)| ≲ |λ|−δ|α||Q(λ)| for all multi-indices α when |λ| is sufficiently large.
Show that

Q(D)u ∈ Hs
loc(X) ⇒ u ∈ Hs+δN

loc (X).

Deduce that Q(D) is hypoelliptic, i.e. Q(D)u ∈ C∞(X) ⇒ u ∈ C∞(X).

[Note: throughout (c) you may use any facts stated in part (b)]

(d) Give an example of a partial differential operator which is hypoelliptic but not elliptic.
Justify your answer.
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(a) Let X ⊂ Rn be open. What does it mean for Φ : X×Rk → R to be a phase function?
Define the space of symbols Sym(X,Rk;N). Show that:

(i) If a ∈ Sym(X,Rk;N) then Dα
xD

β
θ a ∈ Sym(X,Rk;N − |β|).

(ii) If ai ∈ Sym(X,Rk;Ni) for i = 1, 2 then a1a2 ∈ Sym(X,Rk;N1 +N2).

(iii) If b ∈ C∞(X×Rk) is positively homogeneous of degree M in θ for |θ| sufficiently
large, then b ∈ Sym(X,Rk;M).

For a phase function Φ and a ∈ Sym(X,Rk;N), briefly describe how the oscillatory
integral

IΦ(a) =

∫
eiΦ(x,θ)a(x, θ) dθ

can be used to define a linear map from D(X) to C. You may assume the resulting
linear map belongs to D′(X).

(b) Define the singular support of an element of D′(X).

(i) Show that sing supp IΦ(a) ⊂ {x ∈ X : ∇θΦ(x, θ) = 0, for some θ ∈ (Rk \ {0})}.
(ii) Define Z(a) = {x ∈ X : a(x, θ) = 0 for all θ ∈ Rk}. Is it true that

Z(a) ∩ sing supp IΦ(a) = ∅.

Give a proof or counterexample.
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