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In de Sitter spacetime consider a massless scalar field ¢ with interaction

A\
Sint = / Pt 567,

where ¢ = 9;¢. To compute the four point function of ¢ at n = 0 induced by this
interaction to order A%, focus exclusively on the s-channel process B, s and proceed as
follows:

(i)
(i)

(iii)

(v)

Convert this interaction from cosmological time ¢ to conformal time 7.

State the four bulk-bulk and two bulk-boundary propagators for ¢ in terms of the
mode functions

H

- —ikn
m(l + Zk”?)e )

f(kiﬂl) =

and compute f' = 0y f.
Compute the right-right and left-left contributions Bff;: ) and show they take the
form
3
C()S C 1 1
B(rrJrll) _ a
i bk = T \ g T )

a=1

where Cy, C,, o and §, are constants you should determine and

4
Er=Y ki, ki=|ki+ko|, Er=k +ky+k;, Er=ks+ks+hks.

a=1

Compute the left-right and right-left contributions Bff;“l) and show they take the

form

(rert) _ _ Cls 1 1
e kikoksky B3 (EREy)Ps

where Cy, a4 and 4 are constants you should determine.

State the scaling of By, that is expected from scale invariance and check that it is
satisfied in your result.
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Consider the following action for a scalar ¢ written in terms of ADM variables
M3 y
s_/#m@N[;%@R+mﬂw—Kﬁ+pu@ﬂ,

where X = —% gt 0,0, and

1 /. -1 NI
- By, N, — Ov.N, [ S
Kii =55 (h” Vilty va’) N 2 <N’ NZ2R' —N’NJ> ’

where hl] = 8thl'j.

(i) Write X in terms of ADM variables.

(ii) Vary the action with respect to N to find the momentum constraint

) ) P ) .
OV K _§¥K X 9.6 (NIG:bh — —0.
Vil o L%M%N&¢< ek ¢> ’

(iii) Working to linear order in perturbations, ¢(t,x) = ¢(t) + ¢(t,x) and in flat gauge,

we have
(3)R20, N:l_{_éN’ Ni:a28rﬂ/17
NK;j ~a® (Hb;j — 9;0;1) , NK ~ 3H — 0;0: .

Solve the momentum constraint to find §N = C'p where C is a background quantity
you should determine.

(iv) Using the background Friedmann equations
3H®M3, =2XPx — P, ~HM3, = XPx,

show that C' = He/dé, where e = —H/H? is the slow-roll parameter.

(v) Using the results above, compute the tree-level bispectrum of ¢ induced by the cubic
interaction

&m:—/fum%N&.

Part 111, Paper 312 [TURN OVER]



5 UNIVERSITY OF
¥ CAMBRIDGE 4

Consider a system of non-interacting dark matter particles of mass m each obeying

p = —-amV¢, p=amx’. (1)

(i) Write down the Vlasov equation.

(ii) Using the following definitions
‘ d3p 2= g d3p 2L P o
:@ dspf, Ulsz;;'r}f’ O_Z]Ef pama’mf_,UZU]’ (2)

g Jdp f
derive the continuity and Euler equations.

=3

(iii) Now consider standard perturbation theory:

(a) Draw the five diagrams contributing to the three-point function Bj of the velocity
divergence 6 up to and including sixth order in §(!), namely at tree level and one
loop.

(b) For each diagram write down the associated contribution to Bs. For each
diagram, you need to consider only a single labelling of external momenta, rather
than specifying all possible permutations.

(c) Given what you know about the renormalization of the matter power spectrum,
what counterterm do you expect to cancel the UV-dependence of the loop integral
corresponding to (9(®)9(2)g(1))?
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In this question you will derive the line-of-sight solution for free streaming photons,
i.e. in the absence of collisions. You will work in flat gauge,

goo = —a*(1+ 26N), goi = a*0yp, gij = a°0;; ,
and up to linear order in 0N and .
(i) Let P* be the 4-momentum of a photon and let P’ = a%ﬁi with p0;;5/ = 1. Derive
P from the on-shell relation.

(ii) Use the 0-component of the geodesic equation for photon to derive an equation
satisfied by €. You may use the following explicit expressions for the Christoffel
symbols,

[ =H+0N", Tj=00N+Hp, TP =H(1-25N)d;— 80,0,
where N = 0,0 N with 7 conformal time.

(iii) Write down the collision-less Boltzmann equation for photons. Parameterizing the
phase-space density perturbations as

= Oln f
f(x7p777) = f 1- @(vaﬂ?) 81?1{ )

expand the Boltzmann equation to linear order in ©, § NV and .

(iv) Write down the line-of-sight solution of the linearized collision-less Boltzmann
equation.
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