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1
with the metric

2)

The anti-de Sitter spacetime is the manifold R* = {(¢,x) : t € R,x € R3} equipped

. dx)?
g:_(1+|x|2) dt2+|dx|2—(1x+‘;(’)2

The standard polar coordinates (r, 6, ¢) are defined for x # 0 by
x = (rcos ¢sin @, rsin ¢sin b, r cos ).
Show that the metric in the coordinates (t,r,6, ¢) takes the form

2
g = —w(r)dt* + ar + r?(d6? + sin® 0d¢?)
w(r)

for some positive function w(r) that you should determine.

Write down an action whose critical curves are the affinely parameterised geodesics
of g in the (t,7,60,¢) coordinates and use it to determine the Christoffel symbols of
the metric in these coordinates.

Show that a geodesic which is initially moving radially (ie with 6 =¢ = 0) will
remain radial, and that it satisfies

62 ,,;,2

k=—
12 152

where k£ and e are constants whose significance you should comment on.

[Here "= d%\, where X is the affine parameter of the geodesic/

Show that every radial timelike geodesic starting from r = 0 returns to » = 0 after
a proper time T' (as measured along the geodesic) that you should determine.

Show that every radial null geodesic starting from r = 0 at ¢ = 0 has r(\) — oo and
t(\) = 7 as A — oo for some finite 7 that you should determine.
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2 Suppose that (M, g) is a smooth (n + 1)-dimensional Lorentzian manifold. Let V
be the Levi-Civita connection.

a) 1) Define the Riemann tensor R%.;. You should justify carefully why any
expression you give defines a tensor.

ii) Show that in a coordinate basis
R =067, =06+ 1,707 = TP, L7 0.
iii) Establish the Bianchi identities
Rpeay =0, R%jea =0,

and the contracted Bianchi identity R%,, — %R;b =0.
[You may assume the existence of normal coordinates about any point p € M.]

b) The Bianchi identities imply the following identity for the Riemann tensor

0= Rabcd;ee + Odﬂ?«aecf]%bedf - 2Ra6debecf + Rabechdef
+ RabeCRed - RabedRec + Rad;bc + Rcb;ad - Rbd;ac - Rac;bda (*)

where « is a constant.

i) By considering an appropriate symmetry of the Riemann tensor determine a.

ii) Show that if ¢ satisfies the vacuum Einstein equations then the Penrose wave
equation holds:

0= -Rabcd;e6 + aRaechbedf - 2Raedebecf + Rabechdef-

¢) Suppose that the spacetime metric may be written in coordinates as a perturbation
of the Minkoswki metric:

Juv = M + eh,ulu Nuv = diag(_L L1, 1)
for € a small quantity. Formally expanding the Riemann tensor in € as

Ruvor = RO, + eRG),. + O(?)

explain why REB,)W must vanish and use the result of the previous part to find an

equation satisfied by R,(}l,)w. Does your equation depend on a choice of gauge for the
metric perturbation h,,?
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a) Suppose that a spacetime metric may be written in wave coordinates as a perturb-
ation of the Minkoswki metric:

Yuv = Muw + €y, N = diag(—1,1,1,1).

Writing the energy-momentum tensor as €7}, and expanding to O(e), derive the
linearized Einstein equations in wave gauge

OP0,h,, = —167T),, dh", =0, (%)

where EW = hu — %hTTnm,, and indices are raised and lowered with the Minkowski
metric.
You may assume that in any coordinate basis the Ricci tensor may be written

1
Rau = _igupauapgau + F)\TVF)\TO' + F)\TZ/FTO'A + F/\TUPTV)\
1 1
+ §8UF,U,VM + 561/1—‘#0# - Fu/\ury/\o
and that the wave coordinate condition takes the form I',)/F = 0.

b) Suppose hy, solves (x). A gauge transformation generated by a vector field {# acts
on hy, by
Py = By = Ty + 0,80 + 0,6,

Show that A, will also solve (x) if 9°9,&" = 0.

c¢) Consider a perturbation of the form

hyw = Hp (7o)

where k7 is a constant 4—vector and H,,(s) = H,,(s) for p,v = 0,...,3 are
functions of a single real variable which decay as |s| — oo.

i) Find conditions on k%, H,,(s) such that hy, solves (x) for T, = 0.
ii) Show that by making a choice of coordinate axes, together with appropriately

chosen gauge transformations the solution can be brought to the form

0 0 0 0

ho | 0 Fee=t) fxG-n) 0
w0 Re=t) —fi-n) 0
0 0 0 0

where f, fx are arbitrary functions and x* = (¢, x,y, 2).

[Hint: You may wish to consider a gauge transformation generated by the vector
field €0 = 0, & = f_zo_ot Hy'(s)ds, followed by a transformation generated by
0= —¢3 = af_z;f H,#(s)ds, €' = €2 =0, for a a suitable constant.]
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4 Let (M,g) be a 4—dimensional Lorentzian manifold, and V the Levi-Civita
connection.

a) Let w be a p-form.

i) Working in a coordinate chart define the exterior derivative dw and show that
your definition does not depend on the choice of chart.

ii) Show that the exterior derivative satisfies d(dw) = 0 and d(¢*w) = ¢*dw, where
¢ is a diffeomorphism.

iii) For a vector field X which generates a smooth one-parameter family of
diffeomorphisms ¢;*, define the Lie derivative £Lxw in terms of ¢;*. Deduce
that ,Cx(dw) = d(ﬁxw)

b) Let Top® = €p°%, where €gpeq i the volume form of the spacetime. Show that
(LxT)ap° = 0 if and only if X satisfies the conformal Killing equation:

VaoXp + VpXy = agabchc

where « is a constant that you should determine.

You may find the following identities helpful
(LxT)ap = XV T + Ty Vo X + Toe VX — T Ve X© — TV X4
Va€bede = 0, €’ €ppgr = —69ap, €ab? €capg = —2(Gacbd — GadJve)-
c¢) Recall that the vacuum Maxwell equations for a 2—form F' are
dF =0, d(*F)=0

where (xF')qp = %eadech. Show that if X satisfies the conformal Killing equation
then F = Lx F satisfies the vacuum Maxwell equations whenever F does.
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END OF PAPER
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