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(a) Define what it means for G to be a Lie group, clearly stating the group axioms
in mathematical terms.

(b) Let g(x), g(y), and g(z) be elements of G depending on coordinates x, y,
and z ∈ Rn. Suppose that these group elements are close to the identity in G, which
corresponds to the origin in the coordinate patch used. Assuming g(z) = g(y)g(x), discuss
how z can be related to x and y and the implications of the group axioms.

(c) Consider the group commutator g(w) := g(y)−1g(x)−1g(y)g(x). Relate w to x
and y using a Taylor expansion to leading, nonvanishing order.

(d) Consider the set of matrices which have the following form,

S :=

{(
a b
0 1

) ∣∣∣∣ a, b ∈ R
}

.

With reference to the group axioms, determine the largest subset of S that forms a group,
G, under matrix multiplication, specifying clearly any conditions on a and b that may be
required.

(i) What is the underlying manifold of G? Is it connected or disconnected?
Justify your answers.

(ii) Is the defining representation of the group given above reducible? If so,
identify an invariant subspace.

(iii) Consider the following subgroups of G,

H0 =

{(
a b
0 1

) ∣∣∣∣ a > 0

}
, H1 =

{(
a 0
0 1

) ∣∣∣∣ a > 0

}
, H2 =

{(
1 b
0 1

)}
.

For each Hn above (n = 0, 1, 2), explain whether Hn is normal (justifying
your answer) and, if it is, determine the quotient group G/Hn.
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This question concerns the Poincaré group in Minkowski spacetime with 1 time and
2 space dimensions. Under this group, spacetime coordinates transform as

xµ 7→ Λµ
νx

ν + aµ ,

where µ, ν ∈ {0, 1, 2}, and aµ and Λµ
ν are parameters of such transformations. Take the

Minkowski metric signature to be (+,−,−).

(a) State the defining condition which a 3× 3 matrix Λ must satisfy in order to be
an element of the Lorentz group in 1 + 2 dimensions. Show what this condition implies
for the determinant of Λ and the temporal-temporal component of Λ.

(b) Recall that SL(2,R) is the group of 2 × 2 real matrices with determinant 1.
Show that there is a group homomorphism from SL(2,R) to the proper, orthochronous
Lorentz group in 1+2 dimensions, finding an explicit expression for the map. Is this map
an isomorphism?

[Hint: consider the space M of real 2× 2 matrices spanned by { τ0, τ1, τ2 }, with

τ0 =

(
1 0
0 1

)
, τ1 =

(
1 0
0 −1

)
, τ2 =

(
0 1
1 0

)
.

Construct a map ϕ from Minkowski space in 1 + 2 dimensions to M such that ϕ(x) = X,
where detX = x2.]

(c) Write the Poincaré group in 1+2 dimensions as a semidirect product, and give
a definition of the subgroups known as little groups. [A full derivation is not expected
here, but comment on why the semidirect product nature of the group is important.]

(d) Determine the unitary irreducible representations of the Poincaré group suitable
for describing states of a single massive particle.

(e) Determine the unitary irreducible representations of the Poincaré group suitable
for describing states of a single massless particle.
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This question concerns the Lie algebra su(2) and its finite-dimensional, irreducible
representations. You may find the following identities useful. The Pauli matrices are

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

Given an angle θ and a 3-component unit vector n,

exp

(
iθ n · σ

2

)
= I cos

θ

2
+ in · σ sin

θ

2
.

(a) Give a definition for the matrix Lie group SU(2) and derive conditions determ-
ining which 2× 2 matrices are elements of the Lie algebra su(2). Determine the structure
constants for the basis { T1, T2, T3 }, where

Tk = − i

2
σk for k = 1, 2, 3 .

(b) Using the Cartan–Weyl basis H = 2iT3, E± = i(T1 ± iT2), construct an
eigenvector basis for the finite-dimensional, irreducible representation dΛ whose highest
weight is Λ. Hence deduce the dimension of this space in terms of Λ.

(c) Take as given the fact that for some angle θ and unit vector n the following
disentangling identity holds:

exp

(
iθ n · σ

2

)
= eiαE− exp

(
iβH

2

)
eiγE+

for some α, β, and γ which are generally complex. Taking n = (1, 0, 0), determine α, γ,
and exp(iβH/2) in terms of θ. [Do not attempt to solve for β itself.]

(d) Returning to the irreducible representation dΛ of part (b), let us denote the
Λ-eigenvector of dΛ(H) by |Λ⟩, i.e. dΛ(H) |Λ⟩ = Λ |Λ⟩. Determine

〈
Λ
∣∣ e−θd(T1)

∣∣Λ〉 as a
function of θ.

(e) For any angle θ define a corresponding state vector

|θ⟩ := e−θd(T1) |Λ⟩ .

Determine the inner product between two such states, i.e. ⟨φ | θ⟩. [Hint: Consider a
disentangling identity similar to the one in part (c).]
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This question concerns Cartan’s classification of simple, complex, finite-dimensional
Lie algebras. Consider the following families of algebras of rank r, each line giving
their classification according to Cartan along with the corresponding Dynkin diagram
and complexified Lie algebra:

Ar :

Br :

Cr :

Dr :

<latexit sha1_base64="iYsIt9JQpyEgGSfS0tKfXcmFrXE=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahIpREpHZZ6MZlBfuANoTJdNIOnUzCzEQoIUs3/oobF4q49RPc+TdO0iy09cCFwzn3cu89XsSoVJb1bZTW1jc2t8rblZ3dvf0D8/CoJ8NYYNLFIQvFwEOSMMpJV1HFyCASBAUeI31v1s78/gMRkob8Xs0j4gRowqlPMVJacs3TUYDU1Bdolsg4rYlL+8JNcs3zknaaumbVqls54CqxC1IFBTqu+TUahzgOCFeYISmHthUpJ0FCUcxIWhnFkkQIz9CEDDXlKCDSSfJHUniulTH0Q6GLK5irvycSFEg5DzzdmZ0ol71M/M8bxspvOgnlUawIx4tFfsygCmGWChxTQbBic00QFlTfCvEUCYSVzq6iQ7CXX14lvau63ag37q6rrWYRRxmcgDNQAza4AS1wCzqgCzB4BM/gFbwZT8aL8W58LFpLRjFzDP7A+PwB7gGZ5w==</latexit>

su(r + 1)C

<latexit sha1_base64="1IWgtbt2/YqO77aKHzPklioTVG4=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoCCUpUrssdOOygn1AG8JkOmmHTiZhZiKUkK0bf8WNC0Xc+gfu/BsnaRbaeuDC4Zx7ufceL2JUKsv6Nkobm1vbO+Xdyt7+weGReXzSl2EsMOnhkIVi6CFJGOWkp6hiZBgJggKPkYE372T+4IEISUN+rxYRcQI05dSnGCktuSYcB0jNfIHmiQzTWkNc2Zdukouel3TS1DWrVt3KAdeJXZAqKNB1za/xJMRxQLjCDEk5sq1IOQkSimJG0so4liRCeI6mZKQpRwGRTpJ/ksILrUygHwpdXMFc/T2RoEDKReDpzuxEuepl4n/eKFZ+y0koj2JFOF4u8mMGVQizWOCECoIVW2iCsKD6VohnSCCsdHgVHYK9+vI66TfqdrPevLuutltFHGVwBs5BDdjgBrTBLeiCHsDgETyDV/BmPBkvxrvxsWwtGcXMKfgD4/MHXouaHQ==</latexit>

so(2r + 1)C

<latexit sha1_base64="HK1v4Bs35TnJ4TTWs2+AsktG6wc=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkWom5IUqV0WunFZwT6gDWEynbRDJzNhZiKUkJ0bf8WNC0Xc+gvu/BsnaRbaeuDC4Zx7ufceP6JEKtv+Nkobm1vbO+Xdyt7+weGReXzSlzwWCPcQp1wMfSgxJQz3FFEUDyOBYehTPPDnncwfPGAhCWf3ahFhN4RTRgKCoNKSZ56PQ6hmgYDzRPK01hBXXpJLvp900tQzq3bdzmGtE6cgVVCg65lf4wlHcYiZQhRKOXLsSLkJFIogitPKOJY4gmgOp3ikKYMhlm6S/5Fal1qZWAEXupiycvX3RAJDKRehrzuzE+Wql4n/eaNYBS03ISyKFWZouSiIqaW4lYViTYjASNGFJhAJom+10AwKiJSOrqJDcFZfXif9Rt1p1pt319V2q4ijDM7ABagBB9yANrgFXdADCDyCZ/AK3own48V4Nz6WrSWjmDkFf2B8/gB2vZmt</latexit>

so(2r)C

<latexit sha1_base64="uFF2hVrn40+wKzArGAVYIDQQcbI=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyUpUrssdOOygn1AG8JkOmmHTiZhZiKUkJ0bf8WNC0Xc+gvu/BsnaRbaeuDC4Zx7ufceL2JUKsv6Nkobm1vbO+Xdyt7+weGReXzSl2EsMOnhkIVi6CFJGOWkp6hiZBgJggKPkYE372T+4IEISUN+rxYRcQI05dSnGCktueb5OEBq5gs0T2SU1hriyk1yyfOSTpq6ZtWqWzngOrELUgUFuq75NZ6EOA4IV5ghKUe2FSknQUJRzEhaGceSRAjP0ZSMNOUoINJJ8j9SeKmVCfRDoYsrmKu/JxIUSLkIPN2ZnShXvUz8zxvFym85CeVRrAjHy0V+zKAKYRYKnFBBsGILTRAWVN8K8QwJhJWOrqJDsFdfXif9Rt1u1pt319V2q4ijDM7ABagBG9yANrgFXdADGDyCZ/AK3own48V4Nz6WrSWjmDkFf2B8/gB4U5mu</latexit>

sp(2r)C

The convention is that an arrow points from the longer root to the shorter.

In this question you may use any general results for simple, complex, finite-
dimensional Lie algebras and their representations as long as they are clearly and correctly
stated.

(a) Given that a rank r Lie algebra g has simple roots {α(j) } with j = 1, 2, . . . , r,
give definitions for the following terms: (i) Cartan matrix, (ii) fundamental weights, (iii)
Dynkin labels, (iv) dominant weight, (v) highest weight of a representation. Additionally,
(vi) determine the linear relation between the simple roots and the fundamental weights.

(b) Consider the rank-3 Lie algebras denoted by A3, B3, and C3. In each case

(i) write down the corresponding Cartan matrix, assuming the labelling of
roots is from left to right in its Dynkin diagram as depicted above;

(ii) give the ratio |α(2)|/|α(3)|;
(iii) give the angles between each pair of simple roots.

(c) Find all of the weights for the following representations and write down the
dimension of each representation:

(i) d1, the A3 representation whose highest weight has Dynkin labels [1, 0, 0];

(ii) d2, the A3 representation whose highest weight has Dynkin labels [0, 0, 1];

(iii) d3, the B3 representation whose highest weight has Dynkin labels [0, 0, 1].

(d) Decompose the A3 representation d1⊗d2 into irreducible representations of A3.

(e) Let us define a map P on Dynkin labels such that P [λ1, λ2, λ3] = [λ2, λ1, λ2+λ3].
Apply this to the weights of the representation d3 found in (c)(iii) and note any similarities
to the weights of d1 and d2 found in (c)(i) and (c)(ii). How can you interpret this?
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