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(a) State two theorems giving lower bounds for linear forms in logarithms of algebraic
numbers. One of them should be general, the other should be an improvement in the
special case when the form is homogeneous with integer coefficients.

(b) Prove that there is an effective absolute constant C, such that [2" —3™| > 2" /n®
for all n,m € Zx».

(c) The Fibonacci numbers are a sequence of integers F, Fy, ... that is defined by
Fr=Fy,=1and F,, = F,,_1 + F,,_o for n > 3. Prove that there is an effective, absolute
constant C' such that there is no perfect k-th power among the Fibonacci numbers for any
k > C. You may use without proof the formula

oo L(1+vB)" 1 (1-vBY"
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(a) Define the height of an algebraic number. [This is also known as the absolute or
Weil height.] In your answer, include an explanation of the places of a number field and
the normalization of the corresponding absolute values.

(b) State and prove the product formula for the places of a number field.

(c) Let a be an algebraic number and let & € Z. State and prove an identity for
H(a%) in terms of H(a).

(d) Let o # 0 be an algebraic number. State and prove upper and lower bounds for
|a] in terms of H(«) and the degree of a. [This is also known as the Liouville bound.]

(e) Let k € Z>1, n1,...,ni € Z>p and let P,Q € Z[X1,..., X}] be two polynomials
that are of degree at most n; in the variable X; for each j. Let aq,...,a; be algebraic
numbers. State without proof an upper bound for

P(aq, ..., o)
H(Q(al,...,ak)>'

Deduce upper bounds for H(a+ /) and H(«a+1) in terms of H(«) and H (), where
«a and B are algebraic numbers.

(f) Compute the height of a rational number p/q if ged(p,q) = 1. [You may use
without proof any result from the lectures if you state it precisely.]

(g) For each C € Ry, find algebraic numbers o and f such that H(a + 8) >
C(H(a) + H(B)).

(h) Prove that there is § € Rs( such that for all C' € Rsq, there is an algebraic
number « such that H(a+1) > (14 )H(a) + C.
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3 In this question, « is an algebraic number of degree d > 3.
(a) State Siegel’s lemma including the definition of height of linear forms.

(b) Let £ > 0. Prove that there is a constant C; = C}(a, k) < oo depending only
on « and k such that for all n € Z~, there are polynomials P, Q € Z[X] of degree at most
n, not both 0, such that H(P), H(Q) < C}" and

dk

S (PO +aQ(X)| =0

for0< k< (2—kK)n/d—1.

(c) Prove that the polynomials P and @ constructed in Part (b) are linearly
independent over Q provided x < 1 and n is sufficiently large depending on x and d.

(d) Let F(X,Y) =P(X)+YQ(X) € Z|X,Y] be a polynomial that is of degree at
most n in X, such that H(F) < C", where n € Z~; and C is a positive real number.
Suppose that P and @ are linearly independent over Q. Let 6 > 0. Prove that if p/q € Q
is a rational number with ged(p, g) = 1 and g is sufficiently large depending only on C' and
0, then for any fixed y € R, F/(X,y) has a zero of multiplicity at most on + 1 at X = p/q.

[Hint: Consider the function

FXY)  gpF(X.Y)
2 .
Q%F(Xv Y) 8)?8YF(X7Y)
You may use without proof any result about Wronskians from the lectures.]

(e) Fix some k > 0. Let p1/¢1 € Q with ged(p1,q1) = 1 and let y € R. Let
n € Zsqg. Prove that if ¢; and n are both sufficiently large depending on «,x, then
there is Co = Cy(a, k) such that the following holds. There is a non-zero polynomial
F(X,Y)=P(X)-YQ(X) € Z|X,Y] of degree at most n in X with H(F') < C§ such
that F'(X,«) vanishes to order at least (2 — k)n/d at X = o and F(p1/q1,y) # 0.

(f) In this part, you may use the following fact without proof. Suppose that p;/qi,
y, n, k satisfy all the assumptions made in Part (e), and, therefore, we may find some F'

and Cy that satisfy the conclusion of Part (e). Then there is a constant C5 = C3(a, k, C2)
such that

1F(p1 /a1 9)| < (loe = p1/aa| * + o = ) C3-

Show that given & > 0, there are only finitely many rational numbers p/q such that
o = p/a| < g 4271,

[If you use any results about Diophantine approximation of algebraic numbers from
the lectures, you need to give a full proof.]
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