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(a) Define the sieving function S(A,P, z). Prove that if A ⊂ Z is finite and z ⩾ 2, then
we have

S(A,P, z) =
∑

d|P (z)

µ(d)|{a ∈ A : a ≡ 0 (mod d)}|,

where P (z) =
∏

p⩽z p.

(b) Show that for any 2 ⩽ z ⩽ log x we have

|{n ∈ [1, x] : n has no prime factors ⩽ z}| = (C + o(1))
x

log z

for some constant C > 0.

(c) Show that for x ⩾ 2 we have

|{n ∈ [1, x] : 2n+ 1, 3n+ 1, 5n+ 1 are all primes}| ≪ x

(log x)3
.

[In parts (b) and (c), you may use Mertens’ theorem and any results about sieves stated
in the course.]
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(a) State Perron’s formula. Show that for any x ⩾ 2 with x − 1/2 an integer, and any
T ∈ [2, x2], we have

∑
n⩽x

Λ(n) = − 1

2πi

∫ 1+1/ log x+iT

1+1/ log x−iT

ζ ′(s)

ζ(s)

xs

s
ds+O

(
x(log x)2

T

)
.

(b) Show that there exists a constant c > 0 such that for any x ⩾ 2 we have∑
n⩽x

Λ(n) = x+O(x exp(−c
√

log x)).

(c) For Re(s) > 1 and u ∈ R, write the Dirichlet series

∞∑
n=1

Λ(n)niu

ns

in terms of the Riemann zeta function.

(d) Suppose that there exists u ∈ R such that for all x ⩾ 2 we have

∑
n⩽x

Λ(n)niu =
x1+iu

1 + iu
+O(x1/2(log x)2).

Show that the Riemann hypothesis holds.

[You may use any results stated in the course, except for the the prime number theorem,
the explicit formula, or equivalences for the Riemann hypothesis.]
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3 Let f : N → C be a completely multiplicative function with |f(n)| ⩽ 1 for all n ∈ N.
Let

Df (s) =
∞∑
n=1

f(n)

ns
.

(a) Show that the series Df (s) converges and defines an analytic function in the region
Re(s) > 1.

(b) Define the pretentious distance between two arithmetic functions.

(c) Write the Euler product formula for Df (s). By taking logarithms of the Euler
product, or otherwise, show that for x ⩾ 2 and t ∈ R we have∣∣∣∣Df

(
1 +

1

log x
+ it

)∣∣∣∣ ≍ (log x) exp(−D(f, nit;x)2).

(d) Assume that the seriesDf (s) andDf2(s) converge for Re(s) > 1−c for some constant
c > 0 and define analytic functions in this region. By considering the expression

ζ(σ)3|Df (σ + it)|4|Df2(σ + 2it)|,

or otherwise, show that Df (s) ̸= 0 whenever Re(s) ⩾ 1.

[In part (a), you may use the fact that a uniform limit of analytic functions in analytic.
In part (c), you may use any estimates for primes stated in the course. In part (d), you
may use any results stated in the course.]
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