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1 (a) Let L/K be a finite extension of non-archimedean local fields. Show that L/K
is totally ramified if and only if L = K(«) where « is a root of an Eisenstein polynomial.

(b) Let L/ K be a finite Galois extension of local fields. Define the higher ramification
groups G5(L/K) for s > —1. Show that if M C L is a subextension of L/K, we have
Gs(L/M) = Gs(L/K) N Gal(L/M). Show also that if M/K is Galois, the image of
Go(L/K) in Gal(M/K) is Go(M/K).

Calculate the higher ramification groups for the case K = Q3 and L is the splitting
field of the polynomial f(X) = X3 — 3.

(a) Let K be a field and let |.|; and |.|]2 be non-trivial absolute values which induce
the same topology on K. Show that there exists ¢ € Ry such that |.|; = |.|$.

(b) Let (K, |.|) be a non-archimedean valued field. Define the valuation ring O and
maximal ideal m C Ok, and show that if O is Noetherian, then the associated valuation
v is discrete. Let S C K be the set of elements x such that 1 + z has an n'® root in K for
infinitely many n. Show that

(i) S C Ok if v is discrete.
(ii) m C S if K is complete and discretely valued.

Now assume K is complete and discretely valued, and let v’ be another discrete
valuation on K. Show that v(a) = 0 implies v'(a) > 0. Deduce that v is equivalent to v'.

3 (a) State and prove a version of Hensel’s Lemma and use it to describe the group
of roots of unity in Q,.

(b) Let p > 2 be a prime. Show that the equation
2P 4P = 2P

has a solution with z,y, z in Z; if and only if there exists an integer a such that p { a(a+1)
and we have
(a+1)P=a’+1 mod p*
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(a) Let (K, |.|) be a valued field and L/K a finite extension. Let |.|; be an absolute
value on L extending |.| on K.

(i) Show that |.| is non-archimedean if and only if |.|;, is non-archimedean.

(i) Suppose that K is complete and discretely valued. Show that any absolute value
on L extending |.| is equivalent to |.|f.

(b) Let L = Q(a) where « is a root of the polynomial f(X) = X3 — 2. Determine
the number of absolute values on L = Q(«) extending |.|, on Q, for p = 2,3, 5.

(a) Let sz be the maximal abelian extension of Q,. Define the Weil group
W(ng/@p) and show that it is dense in Gal((@gb/(@p).

(b) Let (yn be a primitive p™-th root of unity and K,, = Q,(({yn). Show that K,,/Q, is
a totally ramified Galois extension of degree p"~!(p—1), and that there is an isomorphism

Vn : Gal(K,/Qp) = (Z/p"Z)*.

Explain how this is used to define the Artin map for Q,.

(c) State the main result of local class field theory (local Artin reciprocity) and use
it to show that Ny, i, (K;) = (p) x (1 +p"Z,) C Q.
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