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(a) State and prove Ramsey’s Theorem for r-sets.

(b) Deduce by a compactness argument that for any positive integers r, k and m, there
exists a positive integer n such that whenever [n](r) is k-coloured, we can find a
monochromatic set of size m.

(c) (i) Let t be a prime number and k be a positive integer. Show that whenever N is
k-coloured, there exists an infinite sequence (xi)i⩾1 such that the set

{ t∑
j=1

x2ij : i1 < · · · < it

}
is monochromatic. Show that (xi)i⩾1 can even be taken to be strictly increasing.

(ii) Is the same true if instead we ask for the set

{ t∑
j=1

x2ij : i1 < · · · < it

}
∪
{ t∏

j=1

x2ij : i1 < · · · < it

}
to be monochromatic? The sequence may not necessarily be injective.

2

(a) State and prove the Hales-Jewett Theorem about combinatorial lines. Deduce Van
der Waerden’s Theorem about arithmetic progressions.

(b) State and prove the strengthened Van der Waerden Theorem.

(c) Consider the grid N2. We say that three points form a 2-dimensional arithmetic
progression if they are of the form (a, b), (a + r, b + r), (a + 2r, b + 2r) for some
positive integers a, b, r. Show directly (i.e. without applying Van der Waerden)
that whenever N2 is finitely coloured, there exists a monochromatic 2-dimensional
arithmetic progression.

(d) Deduce from (c) and a product argument that whenever N2 is 2-coloured we can find
a monochromatic set of the form {(a, b), (a+ r, b+ r), (a+ 2r, b+ 2r), (a+ 2r, b)}.
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(a) Let A be a partition regular rational matrix. Show that A has the columns property.

(b) State Rado’s Partition Regularity Theorem. Let A1, . . . An be rational matrices such
that, for every i, the equation Aix = 0 has a monochromatic solution whenever N is
finitely coloured. Deduce that for every finite colouring of N there exists x1, . . . , xn
such that Aixi = 0 for all i, and the set of their entries is monochromatic.

(c) (i) Let N be finitely coloured. Show that there exists an infinite sequence (xi)i⩾1

such that the set {xi + 2xj + 3xk : i < j < k} is monochromatic. Show that
(xi)i⩾1 can even be taken to be strictly increasing.

(ii) Does the same hold if we instead ask for the set {
∑

i∈I xi : |I| < ∞} ∪ {xi +
2xj + 3xk : i < j < k} to be monochromatic?

4

(a) LetX ⊂ Rn be a finite set that is not spherical. Show thatX is not Euclidean Ramsey.

(b) Show that if X ⊂ Rn and Y ⊂ Rm are both finite Euclidean Ramsey sets, then
X × Y ⊂ Rn+m is Euclidean Ramsey. Deduce that, for any acute-angled triangle T
and positive real number t, the triangular prism with base T and height t is Euclidean
Ramsey. [A triangular prism is a three-dimensional shape where the two bases are
identical triangles, and the rectangular faces connecting them are perpendicular to the
bases.]

(c) Show directly that the trapezium with side lengths 9, 5, 9, 10, in this order, is
Euclidean Ramsey.

(d) Show that, for every n ⩾ 2, there exists a 6-colouring of Rn such that there is no
monochromatic copy of a unit equilateral triangle together with its centre.
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