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1
quote results from the course as long as you clearly state them.

(a)
(b)

2
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Let g be a finite-dimensional Lie algebra over C. In your answers below, you may

Define the adjoint representation and the Killing form x: g x g — C of g.

What does it mean for a subset I C g to be an ideal of g7 What does it mean for g
to be nilpotent? Show that if g is nilpotent, then k is identically zero.

Define what it means for g to be solvable. Let gt = {x € g: r(z,y) = 0 for all y € g}.
Show that if g is solvable, then [g,g] C g-. Give an example of a solvable g whose
Killing form is not identically zero.

Show that gt is a solvable ideal of g for every g.

Define what it means for g to be simple. Suppose that g is simple and let B: gxg — C
be a nondegenerate bilinear form satisfying B([z,y],z) + B(y,[z,z]) = 0 for all
x,y,2 € g. Show that there is a nonzero scalar ¢ € C such that k = ¢B.

Let Ej; be the 3 x 3 matrix with 1 at position (7,j) and zeroes everywhere else.
Compute the determinant of the Killing form of sl3(C) with respect to the standard
basis {E11 — Fa2, Fay — Es3, Er, Erg, Eog, Eoy, E31, B3z}

Let F be an ¢-dimensional Fuclidean space and let ® C E be a root system. In

your answers below, you may quote results from the course as long as you clearly state

them.

(a)

What is a Weyl chamber? What does it mean for a subset A C ® to be a root basis?
Briefly describe the construction of root bases A, for certain elements vy (proofs are
not required).

Let A be a choice of root basis with associated dominant Weyl chamber C(A). Let

W be the Weyl group of ®. Prove that W acts transitively on the set of root bases
of ®.

Recall that each element @ € A determines a simple reflection w, € W. Recall also
that if w € W, then ¢(w) equals the minimal integer n > 0 with the property that
w is a product of n simple reflections. You may use without proof the fact that
l(w) = |w(®T) N ®~|. Suppose that A, u lie in the closure of C(A) and that w € W
has the property that w(\) = p. Using induction on ¢(w) or otherwise, prove that
w equals a product of simple reflections that each fix A.

Show that for each A € E, the W-orbit of A contains a unique representative that
lies in the closure of C(A).
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3 Let g = 505(C) = {X € gl5(C): X*J + JX = 0} where

-

I
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o~ ocoo
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cor~ oo

Let t C g be the subspace of diagonal matrices. For the first four parts, you do not need
to describe proofs for your answers.

(a) Explicitly describe the roots ® C t*.

(b) Find a root basis A. Draw the Dynkin diagram of ® and label it with the elements
of A.

(c) Let W be the Weyl group of ®. If a € ®, let w, € ® be the reflection associated to
«. Describe the action of w, on A for each a € A.

(d) Write the highest root § as a linear combination of elements of A. Compute (cv, 5)
for every o € A.

(e) Prove that so05(C) ~ sp,(C). You may use results from the course without proof,
provided you state them clearly.

4 Let g be a finite-dimensional semisimple Lie algebra over C with Cartan subalgebra
t C g, root system ® C t* and basis of simple roots A = {a1,...,ap}. Let wy,...,wy be
the fundamental weights.

(a) If X is a dominant integral weight, let V() be the unique (up to isomorphism)
irreducible representation of g with highest weight A. State the Weyl dimension
formula for V(\), briefly defining the notation you use.

(b) We say a representation of g is fundamental if it is isomorphic to V(w;) for some i.
Suppose that V is irreducible, nontrivial and dim V' is minimal among the irreducible
nontrivial representations of g. Show that V' is fundamental.

(c) Show that every irreducible finite-dimensional representation of g is a subrepresent-
ation of some representation of the form V; ® --- ® Vi, where k > 1 and each V; is
fundamental.

(d) Explicitly describe the fundamental representations for sl3(C).

(e) Let V be the defining representation of sl3(C) and let t C sl3(C) be the subset of
diagonal matrices. Find dominant weights Aq,..., A\r € t* such that V@V Q V* ~
V(A1) @+ @ V(\). [Graphing paper might be useful.]
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5 Briefly state (but do not prove) the classification of finite-dimensional representa-
tions of sly(C).

Let g be a finite-dimensional semisimple Lie algebra over C with Cartan subalgebra
t C g, root system ® C t* and root basis A = {a,...,ap}. Let V be a finite-dimensional
representation of g. If A € t*, define the A\-weight space as V) = {v € V:t-v =
A(t)v for all t € t}.

(a) Define the weight lattice X C t*. Suppose that \ € t* satisfies V), # 0. Show that
A lies in the weight lattice, and show that Vi) # 0 for all w in the Weyl group
W. [If you wish, you may assume the existence, for each a € ®, of a subalgebra
m, = span{eqg, ha, fo} With eq € ga, ho € t and f, € g_o each nonzero and
satisfying [h()éané] = 2eq, [hoca fa} = —2f, and [eonfoc] = hoc']

(b) Recall that for u € t* we define the multiplicity of p as mult(u) = dim(V},). Give an
example of a g, an irreducible V' and a p € t* as above with mult(p) > 2.

(c¢) Define the partial order =< on t*. Suppose p, A are weights of V' with p dominant
and with g < A. Show that mult(x) > mult()\).

END OF PAPER
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